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SCATTERING AND ATTENUATION OF HIGH-FREQUENCY SEISMIC 
WAVES: DEVELOPMENT OF THE THEORY OF CODA WAVES

By M. Herraiz and A. F. Espinosa

ABSTRACT

Coda waves are one of the most striking features recorded on seismograms, and their study 
has bloomed over the last 10 years. Scattering and attenuation of high-frequency seismic waves 
constitute key subjects in both theoretical and applied research in present-day seismology. How 
ever, the narrow relations among coda waves, scattering, and attenuation are not taken into 
account often enough, nor is an overall comprehension of these subjects always offered. Coda 
waves of local earthquakes can be considered as backscattered 5 to 5 waves, and the quality 
factor which accounts for their decay, Q c , expresses both absorption and scattering-attenuation 
effects. How scattering constructs coda waves and contributes to their attenuation is not com 
pletely understood; work now in progress will improve the understanding of scattering theory. 
This review describes coda waves in detail and discusses their relation to attenuation in the 
context of research on seismic-scattering problems. Care has been taken to explain the statisti 
cal models used to deal with the heterogeneities responsible for scattering. The important role 
played by observational data is also stressed.

GENERAL INTRODUCTION

The assumption of lateral homogeneity in the propagation of seismic waves through the Earth 
has decisively influenced the development of new concepts and applied procedures in seismology. 
The classical Earth model, based upon this assumption, is one example of its usefulness.

Seismologists were very soon aware of the large departure from the real Earth that the above 
assumption brings forth. The effects of scattering and attenuation, not explicable without 
accepting lateral heterogeneity, became evident during the early 1960's when more accurate 
data were provided by modern seismic arrays. Since that time, interaction of elastic waves 
and small obstacles, cracks, wedges, interfaces, etc., has received preferential attention. (See 
Pilant, 1979, for references up to 1979.) The difficulties of explaining the new observations using 
methods based on the classical model motivated the development of a new procedure specially 
designed to deal with seismic waves in a laterally heterogeneous Earth. A wider comprehension 
of scattering and attenuation processes was required as a basis for the new methodology being 
proposed.

These requirements become particularly pressing when short-period waves, strongly affected 
by the shallower crust, are used to study source parameters of local earthquakes and site effects 
(Espinosa, 1968, 1969, 1971; Espinosa and Algermissen, 1972a, b, 1973; Bard and Gariel, 
1986). The high sensitivity of these waves to the details of source and wave path increases their 
importance. This sensitivity also makes their study more difficult because of the perturbations 
in amplitude and phase of the primary waves caused by the path heterogeneities. Removing this 
effect to extract path and source information separately is an extremely important objective.

Some of these problems began to be solved when some seismologists started to use statistical 
techniques bypassing the usual deterministic approach. Lateral inhomogeneity could no longer 
be approached in a deterministic way due to the large number of parameters to be considered.
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Under the new approach, only a small number of statistical parameters were sufficient to char 
acterize the heterogeneities of the Earth. This work began in the late 1960's and early 1970's 
using explosion data (Wesley, 1965; Nikolayev, 1968; Nikolayev and Tregub, 1970; Levin and 
Robinson, 1969; Dunkin, 1969; Greenfield, 1971), teleseismic records (Haddon, 1972; Cleary and 
Haddon, 1972; Aki, 1973; King and others, 1973; Capon, 1974), and lunar seismograms (Naka- 
mura and others, 1970; Dainty and others, 1974). Its application to high-frequency records was 
pioneered by Aki (1969). In order to justify the statistical treatment, attention was directed 
to the coda part of the seismograms, the part after all the direct waves such as P, 5, and 
surface waves have arrived, and where the backscattered waves were more likely to be found. 
This type of wave is considered as the superposition of many secondary waves generated by the 
incidence of primary waves upon the heterogeneities. Because they are the result of random 
processes, they can be statistically analyzed. Moreover, the great variety of paths traveled by 
these waves provides information concerning the average properties of the medium instead of 
just the characteristics of a particular path. Thus, the possibility of discriminating source and 
path effects is firmly established.

The theory required for these early studies just cited and for further investigations was initially 
borrowed from other fields of physics where scattering had already been studied; for example, 
astrophysics (Chandrasekhar, 1960), and atmospheric sciences (Tatarskii, 1961). The work by 
Chernov (1960) on scattering of acoustic waves was a breakthrough. The first adopted steps 
consisted of a simplified model in which scalar waves were singly scattered by an isotropic het 
erogeneous medium. The results obtained principally from coda analysis, attenuation estimates, 
and heterogeneity studies have shown the possibilities and shortcomings of the assumptions just 
mentioned. The requirement of a more realistic model, including vector wave and anisotropic 
multiple scattering, has been clearly shown, and most recent studies move in this direction.

The intent of this paper is to summarize the more significant work published to date stressing 
both observational contributions and progressive improvements in the scattering model. In 
Section 1, a glossary of the most important terms used in the work, including a detailed definition 
of two main items studied coda and attenuation is given. For perspective, a global description 
of scattering is also included. Sections 2 and 3 review the effects of inhomogeneities in the 
lithosphere on short-period waves and their influence in the assumed scattering model. In 
Section 2, both theoretical aspects (Part I) and applications (Part II) of coda-wave analysis are 
studied. The attenuation analysis included in the last part describes Qp estimates and Qp-Qc 
relations. The resulting model supposes that the coda is composed of single backscattered S 
to S waves coming out from heterogeneities randomly distributed. Also, it is shown how the Q 
estimates just cited pose the necessity of improving the basic assumptions of the model.

P codas and temporal variations of coda-wave shapes are described in Parts III and IV of 
this same section.

Section 3 compiles the analysis of wave propagation in heterogeneous media considered as 
"random media". The results obtained by using Chernov's theory are compared to those arising 
from the use of the "mean wave" and the "traveltime corrected mean wave" formalisms. Several 
deterministic results are also described. All these results cast new light on the need to improve 
scattering theory and on ways to change it. The ongoing attempts to extend the theory to 
multiple anisotropic scattering of vector waves are presented in Section 4.



SECTION 1; DESCRIPTION OF SEISMIC-WAVE SCATTERING TOPICS

This section has two main goals: to define some frequently used terms and to overview the 
seismic-scattering problem.

First, a glossary in which "coda" and "attenuation" are defined is presented in detail. Sec 
ond, a reference frame will be established in which to place observational contributions, the 
approaches taken by different investigators, and the search for new solutions.

GLOSSARY

Terms are grouped herein according to their necessary relation with the following physical 
phenomena: waves, media, fluctuations, scattering, and attenuation. This classification is used 
in table 1, where symbols and mathematical relations are defined. Only the meaning used in 
this review is presented.

wave Disturbance which is propagated through a medium without involving net movement of 
material.

primary wave Wave generated at the earthquake source and not due to scattering.
secondary wave Wave generated at the heterogeneities upon the incidence of primary 

waves or other secondary waves.
scalar wave Wave in which the physical quantity involved is a scalar with three compo 

nents of ground motion.
vector wave Wave in which the physical quantity involved is a vector. S waves constitute 

a seismic example.
coda wave Initially the word "coda" was used to refer to the oscillations of the ground 

continuing long after the slowest theoretical surface arrival time (Jeffreys, 1929; Ewing 
and others, 1957). A variant of the word, "cauda", was also taken from Latin to name the 
tail of surface waves following the maximum displacement. It was usually abbreviated 
in such a way that these waves became "C" waves (Bath, 1973). Another meaning of 
"coda" has been used to identify the tail part of seismograms of local earthquakes. This 
part corresponds to the recorded energy after the passage of all primary waves. This 
latter meaning was used in the first studies related to local earthquake waves (Aki, 1969; 
Takano, 1971).

If only body waves are considered, a distinction can be made between P and S codas. 
The former is the train of waves placed between direct P and S phases. The latter 
means the set following the direct S waves (fig. l). The S coda is more noticeable on 
local earthquakes and has received much attention lately. Unless otherwise noted, "coda" 
refers to S coda.

The beginning of the coda was originally assigned to the point where the amplitude 
decay starts to be regular. After the Rautian and Khalturin study (1978), the basic 
procedure is to place the coda-start where the time measured from the earthquake-origin 
time, usually called lapse-time, is twice the S-wave traveltime. If this rule becomes too 
demanding, the coda-start can be placed closer to the 5-wave time of arrival. In any case, 
it is necessary to avoid contamination with the contribution made by direct S phases.

The end of the coda is usually placed where the signal-to-noise ratio reaches a chosen 
value, generally 1 or 2. Care must be taken in following the above procedure since it



TABLE 1. Main symbols used in this study 

[Dim, designates dimensionless]

Symbol(s) Meaning Dimension

A Wave amplitude                L 

f, u Wave frequency               T- 1

T Wave period                 T

v Wave velocity                 LT- 1

a P-wave velocity         

3 S-wave velocity     -      

X Wavelength (X = v/f)          L

K Wave number (K = 2ir /X )        L- 1

L Medium extent length           L

n Density of discrete-scatterers 

n Number scatterers/area        L- s
n Number scatterers/volume       L- 3

R, A Source-receiver distance       L

r Scatterer-receiver distance    L

ro Reference distance            L

~ Source-scatterer distance      L
K ->  
U(r) Fluctuation (usually velocity Dim

fluctuation).

N(r) Correlation function           Dim 

a Correlation distance           L 

D Wave parameter (D = 4L/ica2 )   Dim

<U 2> Mean-square of velocity Dim 
fluctation.

a Scattering cross section       L2 , L,

i Mean free path               L

C Mean free time (c = &/v)      T

x* Average distance that wave L 
travels before its energy 
is totally attenuatec,

g(6) Differential scattering L- 1 
coefficient.

g^ Backscattering coefficient     L- 1

g Scattering or turbidity L- 1 
coefficient.

AI/I Scattered energy ratio         Dim

Q Quality factor from coda waves  Dim

Qo Quality factor from S waves     Dim

Q Quality factor                Dim

Q£ Quality factor accounting for Dim 
absortion (intrinsic 
attenuation).

Q Quality factor accounting for Dim 
scattering (apparent 
attenuation).
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tends to minimize the site amplification effect on the recorded signatures. In addition, 
coda duration can be affected by the background noise of the station site.

medium Place in which the scattering process occurs.
homogeneous medium with discrete scatterers Unperturbed medium with uniform 

velocity and density in which fluctuations are introduced by discrete scatterers: cracks, 

faults, density contrasts, and velocity anomalies. The number of heterogeneities per unit 
volume inside a homogeneous medium is represented by nv . When a two-dimensional 

homogeneous medium is considered, nv becomes ns : the number of the heterogeneities 
per unit surface. Both nv and ns are contained in n, which is the density of scatterers.

heterogeneous medium The whole space is taken as inhomogeneous. In this case the 

scattering field is treated as a continuous medium where an inhomogeneous wave equation 

should be solved.
random medium Region with average characteristics in which deviations from these 

mean values produce random heterogeneities. The fluctuating parameters can be velocity, 

density, or the Lame parameters.
medium-extent length, L The medium where scattering can take place, also called 

"travel distance" as is the distance in which waves can travel.

fluctuation
fluctuation, fi(f] Variable of a random medium which expresses the difference between 

the actual and the average value of parameter // at a point defined by f. Media with 

(//2 ) <C 1 can be considered as weakly inhomogeneous media. Hereafter the triangular 

brackets represent average values.
correlation function, N(r) Mathematical expression which gives the spatial correlation 

of fluctuations. It can be expressed as:

),fi(r 2 )) (1)

where r\ and f2 define the points at which a fluctuation is measured and the average 
is made over an ensemble of the random media. Initially, N(f') adopted Gaussian or 

exponential forms. In the latest studies Von Karman functions are preferred.
correlation distance, a It expresses the separation for which fluctuations become un- 

correlated in the statistical study. It is also called "inhomogeneity scale length".
uniform random field, N(r) depends only on the difference r\- TI.

isotropic random field, N(f'} depends only on the modulus of r\- f^.

normal random field, N(r) has the form of a Gaussian curve

N(f) = JV(f0 )e- r2/°' a (2)

wave parameter, D Ratio of the size of the first Fresnel zone to the scale length of 

inhomogeneities. It can be given by the expression:

D= t̂ (3)
K0t*

where K is the wave number.



scattering
scattering cross section, o (also called effective cross section) Represents the ratio 

of the time average of the scattered wave energy per unit time to the mean energy flux 
density of the incident wave (Landau and Lifshitz, 1959).

mean free path, t Parameter which controls the energy transferred from the primary 
to the scattered waves throughout the traveled path. The scatterers reduce the mean 
energy flux density of the incident plane wave by e~ x ' i , x being the distance along the 
propagation direction.

mean free time, £ Time necessary for a wave with velocity v to travel the mean free 
path.

direct path, path connecting source and receiver.
forward scattering Process in which most of the scattered energy is pumped forward in 

the incident primary wave direction. The opposite result constitutes backward scattering.
differential scattering coefficient, g(0] 4ir times the fractional loss of energy by scatter 

ing per unit travel distance of the primary wave, and per unit solid angle at the radiation 
direction 9 . This angle is measured from the direction of the incident primary wave so 
that 0 < 7T/2 represents the forward direction.

backscattering coefficient, g^ Value of g(0] for 9 = TT. Physically g(9] expresses 4-n 
times the fractional energy lost by backscattering into a unit solid angle around 9 for 
every kilometer traveled by the primary wave.

scattering coefficient, g Average of g(9] over 9. It evaluates the capacity of the medium 
to originate scattering. For an isotropic scattering g(0}=g. If the medium contains 
discrete heterogeneities "p" can be obtained multiplying n (density of scatterers) by o 
(scattering cross section). The scattering coefficient is also called "turbidity coefficient". 
From energy considerations, Chernov (1960) defined the turbidity coefficient as:

A/S =TL w
where A/ represents the loss of energy by scattering when a wave of energy / passes 
through a layer of thickness L.

weak scattering The fluctuations of perturbed parameters are small when compared with 
their corresponding mean values. The fractional energy loss from primary waves, A///, is 
very small and Born's approximation can be applied. Any other situation different from 
the above definition implies "strong scattering".

single scattering Process in which, if discrete obstacles inside a homogeneous medium are 
assumed, it may be sufficient to consider only one wave-scatterer encounter. Weak scat 
tering is required. In "strong scattering" it is necessary to consider "multiple scattering". 
If the scattering is very strong it can be treated as a "diffusion process".

Born's approximation Scattering analysis method in which both the loss of energy 
from the primary waves and multiple scattering are neglected (Born and Wolf, 1965). 
This approximation, which violates the energy conservation law, has been accepted in 
various physical problems (for example, sound turbulence (Lighthill, 1953); sonic boom 
spikes (Crow, 1969); atomic collision (Mott and Massey, 1965)), but it can break down in 
many seismic cases.



Rayleigh scattering A particular but important situation when the obstacle size is 
much smaller than the incident wavelength, that is K,a <C 1 . In this case, a is inversely 
proportional to the fourth power of the wavelength and proportional to the square of the 
particle size (Rayleigh, 1896).

Mie scattering The particles are comparable to the wavelength (Mie, 1908).

attenuation Expresses the wave amplitude decay that takes place when a wave propagates 
through real media and cannot be attributed to geometrical spreading. Attenuation is usu 
ally expressed by the quality factor Q and is caused by two main sources: scattering due to 
heterogeneities and intrinsic absorption. Coda wave analysis can be a useful tool for distin 
guishing both contributions (Gao, 1984). Dainty and Toksoz (1981) summed up this fact by 
the relation:

- = - +   (M 
Q Qi Q, '

where Q is the quality factor obtained by experimental measurements based on the decay of 
seismic waves. Q^ 1 considers the intrinsic absorption and Q~ l represents the attenuation 
due to scattering. Dainty (1981) writes expression (5) as

- = - + 9~ (6)
Q Qi *> ( '

where 0, v, and u> are the turbidity coefficient, the velocity, and the frequency of the wave under 
consideration, respectively. The last equation is used by Dainty to explain Q observations 
and by several authors to estimate absorption and turbidity coefficients (Del Pezzo and Zollo, 
1984; Castellano and others, 1986) or the mean free path (Rovelli, 1983b).

It has been noticed that the relative importance of these factors in a given geographical 
area determines the characteristics of seismograms of local earthquakes. Negligible absorption 
and strong scattering produce very long time duration seismograms. This is the case for lunar 
seismograms. On the contrary, an area with high absorption diminishes the scattering process 
and shortens time duration on the recordings. Hence, we see that the coda is affected by 
attenuation and therefore the coda recordings can be used to estimate its attenuation value. 
In fact, since 1975, coda waves have proved to be a useful tool to evaluate regional <3, joining 
the more conventional methods based on body waves, surface waves, and free oscillations of 
the Earth. For the sake of clarity, Q measurements based on coda waves will be identified 
as Q c . It has been shown for regions of Dodaira and Tsukuba in Japan that for frequencies 
higher than 1.5 Hz, Q c estimates agree closely with those obtained for S waves and identified 
as Qp (Aki 1980 a, b). This is one of the facts which supports the model of coda waves as S to 
S backscattered waves. At this point it must be recalled that Q@ values may depend on "how 
to window" S waves; either from the peaks measured using band-pass data analysis or by 
using the measurements obtained from Fourier Transforms from digital data. The difference 
is the amount of forward scattering that is pumped back into primary waves.

Expression (5) indicates that estimates of Q based on the amplitude decay rate of coda 
waves, namely Q c , include not only scattering attenuation but also absorptive attenuation as 
well.



DEFINITION OF SEISMIC-WAVE SCATTERING

The scattering problem demands special attention; it is a rather new concept in seismology 
and occupies a decisive place in this study.

A simple definition of scattering is the process in which a primary wave interacts with a het 
erogeneity of the medium and produces new secondary waves. This oversimplified description 
can be applied to many different physical fields, but every case presents some peculiar charac 
teristics. A general overview of the just cited common background is found in Uscinski (1977) 
or in Ishimaru (1978). The seismic case can be better understood if the different elements which 
take part in the phenomenon are considered. The adopted starting point supposes a seismic 
wave travelling within an elastic medium. P and S waves are particularly interesting because 
they are considered to make up the major part of coda waves of local events. Although KnopofF 
and Hudson (1964, 1967) showed that P-+S and S-+P conversions can be neglected when high 
frequencies are considered, the complete treatment must be accomplished studying vector waves 
and including the possibility of P >S and S-+P conversions. However, because of the difficulty 
posed by vector waves, most of the early contributions to this field have considered only scalar 
waves. This approach has been followed to study local coda waves (Section 2) and, in a great 
measure, velocity fluctuations (Section 3).

The medium where the scattering takes place can be basically considered as homogeneous or 
heterogeneous. In the first case discrete obstacles such as cracks, faults, low- or high-density 
inclusions, and low- or high-velocity inclusions are considered inside the homogeneous medium. 
Aki (1969), Aki and Chouet (1975), Dainty (1981), and Kikuchi (1981), for instance, have 
utilized this discrete scatterer model with a random uniform distribution.

If the medium is taken as inhomogeneous, the scattering field is treated as a continuous 
medium where inhomogeneous wave equations should be solved. The problem may become 
extremely complicated. An approach to this case is considering a "random medium"; that is, a 
space with average characteristics in which deviations from these mean values produce random 
heterogeneities. The fluctuating parameters can be velocity, density, or the Lame parameters. 
This idea constitutes the basis of Chernov's (1960) and Karal and Keller's (1964) models which 
will be applied to analyze the Earth's small-scale heterogeneity. These models, which are 
examples of the use of stochastic theory in seismology (Hudson, 1982), will be explained in 
detail in Section 3. An updated study of the theoretical background can be found in Sobczyk 
(1985). They generally assume that the dimension of the chosen medium, L, or, in other words, 
the wave travel distance, is much greater than the correlation distance, that is L <C a.

In scattering processes, the relation between the wavelength "A" and the linear dimension of 
the heterogeneous medium "//" affects the characteristics of the phenomenon. These variables 
are lumped in the parameter /cL; and the greater /cL, the more difficult it is to study the problem 
by using deterministic approaches.

Another important parameter is KCK. When KCK is comparable to unity or greater, the effect 
of scatterer shape must be considered. Scattering by regular shaped obstacles has been a 
classical problem in wave propagation (Morse and Feshbach, 1953; Morse, 1968) and the case 
of a spherical intrusion has received particular attention in seismology (Ying and Truell, 1956; 
Knopoff, 1959a, b; Einspruch and others, 1960; Yamakawa, 1962; Dainty, 1981; Wu and Aki, 
1985a). The obstacle shape is not important for the case of Rayleigh scattering (KCK <C 1). If



K& <sJC 1 or KQ. ^> 1, the waves are not affected by the obstacles and the medium acts like a 
homogeneous body (fig. 2). If 1 < K& < 10, the waves travel in a medium with heterogeneity 
scale similar to wave-length and scattering can become strong. This case is frequently met in 
many physical situations. In the seismic case, a discrete obstacle or a random heterogeneous 
medium can be characterized by perturbations of elastic parameters (£/A, SX) and density [6p] 
which can modify the amplitude and the velocity of incident waves. If it is assumed that 
these perturbations are relatively small to their corresponding mean value, this case becomes 
the "weak scattering" case. Impedance (density times velocity) fluctuations tend to introduce 
mainly backscattering, while velocity perturbations without impedance fluctuations create more 
forward scattering. However, in both cases, the results depend strongly on other factors: relative 
signs of anomalies; K& value; type of incident wave, etc.

The interaction between wave and inhomogeneity; that is, the scattering process core, depends 
on many parameters, defined in the Glossary. The mean free path, £, evaluates the scatterers' 
distribution in the Earth and provides useful information on the tectonic characteristics. If t is 
greater than the travel distance from the source, there will be little need to consider multiple 
scattering. Single scattering theory is used in most coda models, but multiple-scattering theory 
is needed in some cases. This problem has been addressed recently by several investigators.

The opposite situation to single scattering takes place when seismic waves are affected by 
scatterers so strongly that energy is diffused through the medium. This is the diffusion model 
introduced by Wesley (1965) and applied later to explain the scattering found on lunar seismo- 
grams.

When scattering is weak, the Born approximation can be used. However, it has been shown 
(Cleary and Haddon, 1972) that strong scattering can be present even in the mantle-outer 
core transitions. A discussion of the Born approximation can be found in Kennett (1972) and 
Hudson and Heritage (1981); this last work, which is not based on observational data, offers 
a too pessimistic opinion. A discussion founded on actual data is presented in Aki (1973). In 
high-frequency seismic-wave analysis, the Born approximation is used frequently to explain coda 
decay or to deal with attenuation of seismic waves. The discrimination between weak or strong 
scattering processes can be made considering if the ratio A/// between the energy carried by 
the scattered waves, A/, and the primary energy, 7, is small or not.

Another problem to be considered is in the angular dependence in the scattering process. 
This matter was studied by Yamakawa (1962) for different shaped inclusions and by Chernov for 
random fluctuations of the wave propagation velocity. Initial models explaining coda formation 
consider only backscattering or isotropic scattering, but the angular dependence has received 
a careful treatment in the latest studies of Sato (1984) and Wu and Aki (I985a). The early 
arriving coda waves are more sensitive to the angular dependence of scattering than the latter 
parts of the record, which are more affected by multiple scattering. The early part is also 
more sensitive to the asymmetry of source radiation pattern, another factor which has been 
considered in recent studies.

The results presently available show that scattering problems can be classified according to a 
few parameters whose values condition the mathematical procedures which can be used to solve 
each case. These parameters are rca, «;L, A///, and D. Figure 3 shows the general distribution 
of seismic scattering problems according to the above parameters (left), and the area dealing
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with the subject matter which is going to be treated in this paper (right). First of all, it can 
be noticed that the area of interest presented in this paper is characterized by the condition 
L ^> a, namely the travel distance is longer than the inhomogeneity scale length. It seems that 
a solution cannot be obtained by using numerical methods such as finite differences (F.D.) or 
finite elements (F.E.). The F.D. case must be reconsidered after the results obtained by Frankel 
and Clay ton (1984, 1986). The enlargement at the right in figure 3 indicates that the seismic 
problems that will be studied include the possibility of "strong scattering". When /ca <C 1, 
the cases D <C 1 and D ^> 1 may be distinguished. The former can be treated by ray theory 
and the latter (Fraunhofer case) requires diffraction theory. Coda-wave analysis comprehends 
the situation K,a ~ 1, that is, the scattering in which wavelength and obstacle have similar 
dimensions and scattering can be particularly strong. Figure 3 places the coda wave analysis 
within the global scattering problem and reveals the importance of the parameters described in 
the Glossary.

Summarizing Section 1 it is possible to state that a complete solution to the scattering problem 
will have to deal simultaneously with the following physical phenomena:

vector waves and P^S and S^>P conversions 
heterogeneous three dimensional and anisotropic media 
scatterers with a size comparable to the wavelength 
multiple and anisotropic wave-scatterers interaction

SECTION 2: CODA-WAVE ANALYSIS

PART I: MODELING CODA WAVES

Introduction

The study of coda analysis occupies a substantial part of this review not only for its im 
portance in scattering theory but also because coda waves have become a powerful resource in 
many fields of seismological research.

The first observation about coda waves, relevant to the backscattering model, was that the 
total time duration of seismic waves is independent of epicentral distance, at least when the 
epicentral distance is shorter than about 100 km (Soloviev, 1965). Other investigators had also 
observed the similarity in the spectral content of coda waves for events with different epicenter- 
station paths (Aki, 1956). These results received new attention when the need for a practical 
method of dealing with seismic waves in a laterally heterogeneous medium led to the search 
for statistical methods. They also increased the interest in backscattering waves formed by 
the superposition of waves generated by the interaction between scatterers and primary waves. 
Since these backscattering waves can be considered as the superposition of many independent 
events, they are more suitable to be treated statistically. If these waves exist, they must be 
located in time after the passage of all the primary waves, that is, in the coda. The above 
observations were supported and confirmed in Aki's (1969) paper in which the aftershocks of 
the June 1966 Parkfield, California, events were studied. Coda waves appeared to be insensitive 
to the nature of direct path and to have similar amplitude and spectral contents for different 
stations and for a given source as backscattered waves should. The path independence suggested 
the separation of source and path effects in the coda power spectrum values. This poses the

12



3 k-. op"

I  i «  00 
i   i tn

~cr S I
 ^ <. o
« ? 5' * OP

r?S « ^ "

' 2:
^ JT

x ^
^ii-  -« p S-

«' ? S sr . 3

53 ^
^ ^S 2 o J?
3 6T £L P   " 
3  

00 g TO 

j^ g. O'

I' 8*
i11'

2.  
CO V4

§3O en

o* S 
S ? ^ 0-

°7:: ' 
/"^ O 0)

V
3 CD" 
2 (5"

Backward 

Born Approximation

P

Mixed Scattering 
increasing

£. |o'
D

Forward 

Born Approximation

O"n 33
5:3 ^

^"O CD
ScD1 O



possibility of finding an expression with the form:

(7)

where P(u\t} is the power spectrum of the coda for frequency u; at lapse-time t. S(uj) includes 
only the source parameters and C(o;|t) represents the effect of a large geographical area and is 

independent of distance and details of path connecting source and station.
If C(uj\t] is common to all the events of the same area and two of these events are considered, 

the above relation (7) becomes

H
( }P2 HO S2 (w)C(u\t) S2 (u)

which allows the extraction of source information from the power spectra. In this manner, 
source effects and path effects are distinctly separated.

Relation (7) constitutes a cornerstone in coda-wave analysis and has been confirmed for many 

different areas (Aki and Chouet, 1975; Rautian and Khalturin, 1978; Rautian and others, 1978; 
Tsujiura, 1978; Roecker and others, 1982). It also indicates the two steps which must be 

accomplished in coda wave analysis:

1. Finding a mathematical expression for 5(o;)C(a;|<). The results will be tightly linked to 

the model chosen to explain the coda.
2. Relating P(uj\t] and coda amplitudes. This step will depend on the kind of data, analog 

or digital, considered.

The following paragraphs describe the successive attempts to accomplish these steps using 

different models.

Evolution of Model

The evolution of coda wave models comprises four main stages.

1. The elimination of surface waves as a possible cause for coda waves, at least for Japan, 

and their progressive substitution by S waves. Investigators have focused on this stage 
from the initial "surface-wave model" (Aki, 1969) to the studies on Qp-Qc relation 

carried out around 1980. The decisive arguments to draw this result were:
a. Coda waves corresponding to surface and deep borehole (~ 3.5 km) sites in Japan

share the same main features (Sato, 1978). 

b. Coda and 5 waves have similar site effects for a wide frequency range (l to 25
Hz) (Tsujiura, 1978) 

c. Qp and Q c are very similar for the above frequency range (Aki, 1980a, b).
2. The abandoning of the diffusion process as a possible origin for terrestrial codas. Al 

though diffusion theory had been previously applied by Wesley (1965) to explosion data, 
it received new attention when the comparison between lunar and terrestrial seismo- 

grams suggested a different origin for each phenomenon (Latham and others, 1970, 1971; 
Nakamura and others, 1970). Lunar seismograms have a very long duration, exceeding 

1 hour, and a very slow growth from the first arrival to the maximum amplitude. This
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increase takes about 5-10 minutes and does not show any predominant phase; body-wave 
phases are very small and loom up only in the first minute of the seismogram (Toksoz 
and others, 1974). The coda is very large and occupies almost the whole seismogram. Its 
maximum amplitude varies with both epicentral distance and focal depth (Latham and 
others, 1971) and can be used to estimate the magnitude (Nakamura, 1977a). All these 
features suggested more intense scattering and much lower absorption on the Moon than 
on the Earth (Dainty and Toksoz, 1977, 1981), demanding a method based upon diffu 
sion models. This analysis has been developed by several authors who assumed isotropic 
scattering and studied energy instead of amplitude relations (Berckhemer, 1970; Dainty 
and others, 1974; Nakamura 1976, 1977b). Dainty and Toksoz (1981), by comparing 
values of t (mean free path) and x* (average distance seismic energy travels before being 
attenuated) showed that the diffusion theory is inapplicable to terrestrial codas although 
it can be used for lunar data. This same result was also established by Kopnichev (1977b) 
from a different theoretical approach. In addition, the experimental agreement between 
Q c and Q^, firmly stated in the early 1980's, proved that Q c accounts for both Qi and 
Q s as a nondiffusive process should do. (For a diffusion model, Q c is equal to Q.) Nev 
ertheless, diffusion theory has recently been reconsidered to model coda waves for large 
lapse-times, for both isotropic and anisotropic scattering (Gusev and Lemzikov, 1983; 
Gusev and Abubakirov, 1986).

3. The consideration of multiple scattering instead of only single scattering. This stage 
originated in a study by Kopnichev (1977b) and has received a new impulse in the 
studies of Gao and others (I983a, b).

4. The analysis of scattering with more realistic assumptions, such as non-spherical ra 
diation source, anisotropic scattering, consideration of vector waves, and others. This 
last stage was initiated in 1982 and constitutes the "ongoing research" which will be 
summarized in Section 4. Its results have clarified many aspects related to coda waves.

The more important features of the main models proposed during this evolution will be 
reviewed next.

A. Single-Scattering Models

The groundbreaking work (Aki, 1969) supposed that the coda is comprised of backscattered 
surface waves generated within an unbounded, homogeneous, and isotropic medium in which 
the heterogeneities are randomly and two-dimensionally distributed on the surface. The size of 
scatterers is considered to be greater than the wavelengths, and no velocity perturbations or 
multiple scattering is allowed. Station and source event are placed at the same point. Under 
these assumptions expression (7) was written as:

PMO = Mg 0o(a;ro)| 2 2^e-wt/« (9)
L

where
S(u) - Mg (10)

and
o)f2^e-*/« (11)

L
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In this expression, N(TQ) is the number of scatterers within a radius of r0 . <t>o(w TQ) expresses 
the absolute value of the Fourier transform of displacement due to secondary waves generated 
at a scatterer at a distance TQ by a source of unit moment located at the same distance from 
the scatterer. The term e~ wt/® includes the dissipation introduced by the medium. P(UJ t] was 
related to the measured amplitudes y(i] by the relation:

obtained by approximating P(u\t) by an error function with a peak at a frequency p. This peak 
frequency was determined by measuring the wave period directly on the seismogram at time t. 
With the preceding equations the seismic moment of small and very small earthquakes can be 
estimated. Also the dependence of the coda excitation on the geology of the station site can be 
clearly shown.

This model (hereafter "surface-wave model") has been extremely useful in the development of 
coda analysis despite its wrong assumptions (at least for Japan, for frequencies higher than 1 Hz) 
and its oversimplifications. Lately, some modified versions have been established with definite 
purposes: estimating seismic moment and magnitude (Suteau and Whitcomb, 1979), evaluating 
Q (Herrmann, 1980), or dealing with poor paper-recorded data (Herraiz, 1982; Herraiz and 
Mezcua, 1982, 1984).

The "surface-wave model" is incorporated as an asymptotic case in the theory developed by 
Kopnichev (1975) to explain surface-wave coda of seismograms in the range 100km < A < 
3,000km. Kopnichev assumed that:

1. Primary and secondary waves are short-period surface waves of the same type.
2. Primary and scattered waves are monochromatic with period T.
3. Scattering is single and isotropic.
4. The inhomogeneities are random and stationarily distributed in the near surface.

Under these assumptions, this method adjusts coda envelopes, that is, the curves drawn 
through the peak amplitudes, by the expression:

A J.

(13)

where Ai is the square root of energy contained within the time At after the reference time t. 
The agreement of this theoretical expression with coda wave envelopes at epicentral distances 
from 100 to 1800 km was excellent. This same model was used as a starting point to accomplish 
the analysis of double and triple scattering that will be described later.

The conclusions from the surface-wave model were checked by Takano (1971) and enriched 
with new observational data. Particularly interesting are the studies which showed the lack 
of regular plane waves coming from the epicenter in the analysis of codas recorded by a small 
aperture array of seismographs (Aki and others, 1958; Aki and Tsujiura, 1959; Scheimer and 
Landers, 1974). All these results were the basis for improved attempts to explain the origin 
of coda waves (Aki and Chouet, 1975; Chouet, 1976). These authors proposed two extreme
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models. The first, the single-backscattering model, considers the coda as the superposition 
of backscattering wavelets from discrete scattering sources. The second, the diffusion model, 
assumes the seismic energy transfer as a diffusion process. As this last physical phenomenon 
has been ruled out as a possible explanation for terrestrial seismic codas, attention will be paid 
here only to the single-backscattering model.

Its initial assumptions are very similar to those of the surface waves model, but it proposes that 
body waves are responsible for coda waves, which represents a turning point in the explanation 
of coda waves.

Under these assumptions and taking into account the geometrical spreading and the attenu 
ation due to the Earth's anelasticity for body waves, expression (7) takes the form:

(H)

TO) I represents the amplitude spectra of the backscattering wavelet from a single scatterer 
located at a reference distance r0 , from the source (receiver), nv is the density of scatterers per 
unit of volume, v is the wave velocity, and t represents the lapse-time. Expression (14) has the 
form

e -ut/Q
P(u \t) = S(U)-^- (15)

where S(uj) is the source term, and i- rn t - (̂ t /Q stands for the medium effect. A closer look at 
this last term shows that t~ rn is the geometrical spreading factor. e~ u)t ' <̂  must represent both 
intrinsic and scattering attenuation effects although initially Aki and Chouet (1975) thought it 
only included the intrinsic attenuation. This assumption is correct for the diffusion model but 
not for the single-scattering model. For its part, S(uj] sums up the effect of both the primary 
and secondary wave sources. As the scattering is common to all earthquakes, differences in S(uj) 
among different earthquakes should be attributed to the variations in the earthquake source. 
Writing the S (u?) expression,

\ 2 ^o 71"^ i~ R \ 
r0 )       (16)

it can be noticed that S(u) results from two factors |</>O(CL> ro)| 2 and 8rQnv irv~ 1 . The latter 
term includes the total number of scatterers and, for a given TQ remains constant, independent 
of the source. The former term represents the intensity for a single secondary wave leaving a 
scatterer at a reference distance TQ. Its relation to the primary source is given by

<£(u;ro)|=Mo|<M^o)| (17)

where MO is the seismic moment, and |</>o(^ FO) is independent of source effect (Aki, 1969). 
Expression (17) assumes that uj is lower than the corner frequency of the earthquake. Both 
source and station are located at a distance TQ from the scatterer. If the assumption that 
scatterers are uniformly distributed in space in the statistical sense holds, |</>o(<^ FO)| is constant 
in a given area and the variations in S (u>) among the different events will be only due to 
differences in MQ.

The next step is to relate the power spectra and the seismogram's amplitudes. As was men 
tioned above, the procedure will be very different depending on whether the data are recorded in
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digital or analog form. In the first case, Fast Fourier Transforms over consecutive time samples, 
of amplitudes or of coda- waves, are measured on the band-pass filtered digital record.

Analog data require a more laborious treatment and some different procedures have been 
applied to accomplish it. Some of the methods include digitizing a manually smoothed coda 
envelope of a band-pass filtered seismogram (Chouet, 1976) or measuring only the peak ampli 
tudes of the coda (Rautian and Khalturin, 1978). Chouet's method is easy to apply and has 
achieved very good results.

Chouet (1976) and Rautian and Khalturin (1978) used data recorded by a special filtering 
seismograph system which registered the signatures through several consecutive channels with 
independent frequency bandwidths. Chouet employed the spectral analyzing seismograph of 
Tsujiura (1966, 1967, 1969), while the Russians used the ChISS device designed by Zapolskii 
(1960, 1971). These recordings allowed the above investigators to study the frequency depen 
dence of coda wave parameters.

Mean values, given by the envelope (/2 (^)), are related to power spectrum by using the 
relationship between coda power and the autocorrelation function:

r
/J -

e du (is)

For zero lag (T   0), we get </>(£, 0)  (f2 (t)) and expression (18) becomes

(19)

where the term on the left represents the mean square of the time series. For a band-passed 
signal it is possible to make

P(u\i\ = P, constant within a certain frequency band
^ " ' M y (20) 

P(u\t)   0, otherwise

and this leads to
(21)

where A/ is the signal bandwidth. If the actual seismogram's recorded amplitude, A(u;|£), is 
approximated by the root mean square value of the amplitude, then

A(w\t) = x/2PHf)A/ (22)

However, if the peak-to-peak amplitude of the manually smoothed envelope is measured, then 
it may be roughly approximated by twice the root mean square of f(t), therfore

A(u t) = 2>/2P(u;|£)A/ (23) 

Combining expressions (15) and (22) leads to

A(u\t) = CH ta (24) 

19



with

and ___
C(u) = \/2SHA/ (26)

If natural logarithms are taken, expression (24) gives

\nA(w\t) = InC(w) - a\n(t) - bt (27)

where
b = ^T (28)

Expression (27) will be useful for estimating source factors and Q c values. It will be considered 
again when the coda applications are studied, but it must be borne in mind that expression (27) 
has been obtained using the single-scattering approximation and thus it will not be suitable in 
strong-scattering cases.

So far, the model built by Aki and Chouet (1975) to explain the observational features of 
the codas has been considered. Sato (1977a) succeeded in extending the above single-scattering 
model to the case in which the source and receiver are not coincident. His model, called the 
"single isotropic-scattering model" or "SIS model", supposes a three-dimensional infinite and 
perfectly elastic medium in which the scatterers have a homogeneous and random distribution. 
This distribution is characterized by the mean free path £.

Only S waves generated from a point source in a short time are considered as primary waves. 
The medium is characterized by the constant wave- velocity v and the mean free path £, and the 
scattering is assumed to be single and isotropic.

The energy density of the scattered S waves, E(t], is given by

hrt>t° (29)
where t and £ have their usual meanings, t s is the traveltime of 5 wave, and R is the hypocentral 
distance to the receiver. Letting t/t s   2, the function K(x] is given by

forz>l (30)  1

This last expression, with some corrections in order to include the anelastic effect, has often 
been used in practical coda analysis (Jin and Aki, 1986).

The single isotropic-scattering model, designed to study the energy balance more than the 
amplitude attenuation, was soon improved by including P  >S and S  >P conversions (Sato, 
1977b). Its first version was applied to 96 local earthquakes recorded in the Kanto district, 
Japan, to estimate the mean free path (Sato, 1978). These results will be used in the next 
section, where a study of parameters describing the medium's heterogeneity will be made. In 
a more recent study, Sato and Matsumura (1980a) applied the SIS model to study the three- 
dimensional partition of scattered P waves. The theoretical analysis predicts that the radial
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component of energy is always larger than the transverse one and that this difference diminishes 
as t increases before the arrival of the S phase. Application of this model to data obtained at 
the bottom of a well (Sato, 1978), showed a good agreement only for the horizontal component, 
suggesting the necessity of including P-+S conversion in the scattering process.

B. Multiple- Scattering Models

Single-scattering theory used so far is strictly valid only if the mean free paths of the waves 
between scatterers are greater than the travel distances from scatterers to receiver. Very of 
ten, actual physical situations do not satisfy this condition, and the consideration of multiple 
scattering becomes a pressing necessity (Subash and Gir, 1979). The first attempt to solve this 
problem was made by Kopnichev (1977b) who assumed a random, uniform, isotropic, and nor 
mal medium, and studied three cases: double, triple, and diffusion scattering. This last one was 
discarded for the Earth because the strong scattering required is hard to find. The double and 
triple scattering are studied both for surface and body waves assuming that the waves which 
act as primary and those due to scattering have the same nature. Isotropic scattering was also 
assumed. Without including absorption, the expression of intensity obtained at the source for 
body waves and double scattering is :

- 7T (31)

and for triple scattering:

J3 (*,A*) = 27T 5 (2ln2- l)JorgnJa6 £3 vA*e-** v * (32)

where

t Lapse-time of the signal commencement
A£ Interval considered such that A£ > ^, T/J being the duration of the source pulse 
Jo Energy density of a regular body wave at a reference distance r0 
r0 Reference distance from the epicenter 

rcv Density of heterogeneities in a three-dimensional medium
a Medium correlation distance
£ Scattering efficiency of the heterogeneity

£s Factor introduced to account for the energy lost by secondary waves due to scattering. 
(Not estimated in this study. It is introduced in order to maintain the energy conservation 
law.)

v Wave velocity

These expressions are obtained assuming that the total distance traveled by scattered waves 
is much larger than the epicentral distance. They indicate that the energy of the initial part 
of the coda is mainly determined by the contribution of singly scattered waves while there is 
a relative increase of the energy of secondary and tertiary scattered waves as t increases. This 
result poses the necessity of being cautious if long duration codas are studied.

Gao and others (I983a) dealt with multiple scattering following the single-scattering model 
of Aki and Chouet (1975). First, they considered a two-dimensional infinite elastic medium in
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which scatterers having a cross section o are uniformly distributed with a density ns . Under 
these assumptions they calculated the expression of power spectrum P(u\t) for double, triple, 
and quadruple scattering, showing it can be decomposed as

P(w\t)=P,(w\t) + Pm (w\t) (33)

where PS (UJ i] and Pm (o;|i) represent the contribution for single and multiple scattering respec 
tively. These terms can be expressed by the following approximate form fitted to the exact 
numerical results for the first 7 th order multiple scattering;

Pm H*)=y(W)e- wt (^ + *) (34)

and
P,HO=%y(w)e~w*(* + *) (35)

UJl

where Q s is the quality factor due to single scattering, which according to (6) can be written as

Q s = ~    (36) 
2ns or

and
Y(u) = (ns <7) 2 rQ v\<j>(u\r0 ) 2 (37)

Q s and Qi (quality factor for intrinsic absorption) are related to Q by expression (5), given by 
Dainty (1981). As is already known, |</>(u; r0 )| means the amplitude spectrum of the primary 
waves at the reference distance r0 .

Expressions (34) and (35) show that at short lapse-time, the power spectral density is mainly 
composed by single scattering contributions, while as t increases, multiple scattering becomes 
more important. These results, which agree with Kopnichev's conclusions, can be better un 
derstood by defining two new parameters

7 = 2ns or (38) 

and

* = £ _ <39)
and plotting the values of Pm ((jj\t) and P3 ((jj\t) against 7 for different Q (fig. 4). As 7 is the 
product of the turbidity "ns cr" and the travelled distance r, it expresses the power loss due to 
scattering. It is obvious that 7 increases with traveltime. In its turn, if Q is small, namely 
the scattering loss is smaller than the absorption loss, the coda attenuation before the multiple 
scattering becomes important. Therefore, in such a case, the single scattering assumption works 
well. The intersection of P3 (u\t] and Pm (u;|£) curves indicates that the 7 value for which the 
multiple scattering starts to be dominant is 7C = 0.8. Thus, it can be seen that for 7 < 0.8 
or for the traveltime t < £ c , being t c   0.8 (n s crv)~ 1 , the single scattering correctly explains 
coda power. The turbidity coefficient has been estimated as 0.008km"" 1 for the Montana LASA 
(Large Aperture Seismic Array) area (Aki, 1973). Although this result is for P waves and
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0.5 Hz, and may not apply to coda waves, it implies that, assuming v = 3.5km/s, t c will be 
29 s, a value which indicates that multiple scattering may be more important than expected. 
Neglecting this effect implies that for t 3> £ c , Q s values are overestimated by a factor of 0.74. 
Gao and others (I983b) extended their model to the three-dimensional case showing that ^c 
equals 0.65, and the Q s overestimation is for this situation 0.67.

Summarizing the results of this theoretical development it is possible to conclude that, so far, 
the coda of local earthquakes is supposed to be the result of S to S single-backscattered waves, 
although multiple scattering has been introduced in recent models.

This conclusion has been obtained by considering an infinite, homogeneous, and isotropic 
medium within which the heterogeneities are randomly and uniformly distributed.

These assumptions may seem too simplistic, and the results may seem not to resemble the 
actual phenomenon. However, these models have provided a basis upon which to develop coda 
wave analysis and have led to the useful applications reviewed in the next part of this study.

PART II: USING CODA WAVES TO ESTIMATE SEISMIC PARAMETERS

The search for a better explanation of the origin, composition and decay of coda waves 
yielded many important applications. Since the initial studies, accomplished between 1969 and 
1978, it has been clearly proven that coda waves are an effective resource in estimating source 
parameters and in extracting information about the characteristics of wave paths.

For the sake of clarity, the review of these applications has been divided into three main parts 
according to whether the results are more related to seismic source, wave path, or station site. 
However, it must be kept in mind that the tight existing relation linking these effects of the 
seismic phenomenon makes any separation of the studied parameters artificial.

Source Parameters

As has been previously mentioned, the separation of path and source effects was one of the 
initial motivations for the statistical option which gave place to the coda wave analysis. In the 
surface wave model, and assuming that uj is lower than the corner frequency (Aki, 1969), this 
possibility is given by the expression

The left hand side is the product of the seismic moment MQ, which represents the source factor, 
and the factor A/2JV(r0 ) j^ol^p ro)  > which describes the mechanism of scattering. These terms 
have been explained previously.

The right-hand side expresses the path effect. The first factor, y/i, can be interpreted as a 
geometrical spreading correction, the second factor as a dissipation correction, and the third as 
a dispersion correction applied to the observed amplitude. Their product is called the "reduced 
coda spectrum" and can be evaluated directly from the seismograms. The term which describes 
the mechanism of scattering is assumed to be the same for every earthquake of a chosen area. It 
may be determined by calculating the reduced coda spectrum of an earthquake with known MQ. 
Knowledge of the regional scattering parameter then allows estimation of the seismic moment 
of all other earthquakes (Aki, 1969; Herraiz and Mezcua, 1982, 1984).
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The separation of path and source effects also can be evaluated by using expression (8):

Pi H*) 5iH C(u\t) 5iH (] 
P2 (u\t) ~ S2 (u)C(u\t) ~~ 52 (w) ( }

where Pi(uj\t) and Si(u) can be given by equations (15) and (16) of the single- backscattering 
model. The above expression allows calculation of the other source spectra if the estimation of 
the absolute value of S(oj) for any one event can be obtained.

In order to calculate the absolute value of a reference source, Aki and Chouet (1975) and 
Chouet and others (1978) selected the 5-wave recordings from a small and nearby event which 
sustains the least amount of scattering. The Fourier Transform, -F(u>), of S- waves is evaluated 
from the band-pass filtered trace As (w), according to

(41) 

\F(u) | is used in the process of estimating the source spectrum from

(M(w)) = -4wpl33R \F(u)\ (42)

where {M(u>)) is the mean Fourier Transform of the seismic moment corresponding to a point 
dislocation source in an infinite homogeneous medium (Maruyama, 1963), /3 is the shear wave 
velocity, p is the density, and c is a geometrical factor equal to or less than 1. The source 
spectrum (M(w)} given by expression (42), which is only valid for a homogeneous medium, was 
taken as an absolute reference value. This method was also independently used by Rautian 
and Khalturin (1978). Reference earthquakes, together with source factors 5t-(u;), are employed 
to construct a scaling law, that is, the way in which the spectrum changes with increasing 
magnitude. Comparison of the scaling law for different regions may offer some useful information 
about local seismo-tectonics. Applying this method to small earthquakes in Stone Canyon and 
San Fernando, California; Kilauea, Hawaii; and Oishiyama, Japan, Chouet and others (1978) 
observed a remarkable departure of the seismic moment-corner frequency relation from the 
self-similar case in all these regions except Kilauea (fig. 5). This departure corresponds to 
the variation of stress drop with magnitude over a certain range of magnitude. A possible 
explanation is the existence of a scale length of heterogeneity unique to each fault zone that 
affects the rupture process.

A different method to estimate the seismic moment of local earthquakes from coda waves was 
devised by Vostrikov (1975), who used analog data of the Garm region recorded by a seismograph 
with a 0.7-10 Hz band-pass filter. Vostrikov assumed that the formation of coda waves was 
a "black box" process and studied the data without introducing corrections for absorption, 
divergence and scattering. He calculated the individual envelope A(i] for 30 earthquakes and 
shifted them in order to fit the overlapping sections of adjacent envelopes. In this way he 
obtained a set of master curves which give the seismic moment from the intensity of the general 
shape C(i] of envelopes. This procedure uses the relation between one individual shape A(i] 
and the general C(t) given by

A(t) = hU0 C(t) (43)
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where h represents the source directivity multiplied by a constant and MO is the seismic moment. 
The factor C(t] in Vostrikov's theory is a property of the medium and depends on scattering 
and absorbing characteristics.

It seems to us that the empirical relations obtained recently by Biswas and Aki (1984) can 
be more useful. These authors have constructed a new set of relations among seismic moment, 
coda amplitude, and magnitudes, by using moderate-size Alaskan earthquakes. This procedure 
can be useful when events with well-known seismic moment are available.

Magnitude is another source parameter which can be easily estimated from coda waves by 
taking advantage of the independence of total signal duration from epicentral distance. The 
idea originates from Bisztricsany (1958), who calculated the relationship between magnitude and 
surface-wave duration at epicentral distances between 4° and 160°. The use of total duration
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of local earthquake seismograms to obtain the empirical duration-magnitude relationship was 
started by Soloviev (1965) and Tsumura (1967), and since 1972 has become widespread (see 
for instance: Lee and others, 1972; Crosson, 1972; Real and Teng, 1973; Herrmann, 1975; 
Bakun and Lindh, 1977; Saphira, 1980; Chaplin and others, 1980; Havskov and Maci'as, 1983). 
Nersesov and others (1975) extended this procedure to distances as great as 3,000 km and 
introduced a correction for site station effect. In their turn, Suteau and Whitcomb (1979) 
found a theoretical relationship between the seismic moment of shallow local earthquakes, coda 
amplitudes, and the total duration of the signal measured from the earthquake origin time. A 
new coda magnitude, Mc , can also be determined by using this relationship. More recently, Aki 
(I980c) has reviewed the physical basis for duration-magnitude relationships, recommending the 
use of coda amplitude, at selected lapse-times, instead of using measurements of coda duration. 
Bakun (1984) found empirical formulas relating local magnitudes and seismic moments to signal 
durations and epicentral distances for central California.

Propagation Medium Parameters

Coda waves can be used to estimate two medium parameters: Q, the attenuation quality 
factor, and g^, the backscattering coefficient. This review starts by analyzing Q c and Qp 
estimates, their relation, and frequency dependence. The results will be placed within the 
general pattern of Q evaluation and used to check the theoretical model. A general review of 
Q c versus tectonic and Q c versus time relations will also be included. Finally, the g^ estimates 
and their effect on the explanation of coda decay will be considered.

Q c and Qp Measurements on Frequency Dependences

The first estimates of Q c (Aki and Chouet, 1975) were accomplished by applying expression 
(27) of the single-backscattering model to data from Tsukuba and Oishiyama, Japan, and Stone 
Canyon, California. Two main features were observed: a clear increase of Q c with frequency 
and a remarkable variation in the value at 1 Hz among different regions. The observation was 
initially attributed to the dependence of Q on depth instead of to some intrinsic (3 c -frequency 
dependence. Coda waves at 1 Hz were thought to be predominantly composed of surface waves 
scattered from shallow heterogeneities, while those at 24 Hz would primarily be body waves 
backscattered from the deep, high-Q lithosphere.

Rautian and Khalturin (1978) and Rautian and others (1978) observed the same increase of 
Q c with frequency for the Garm region. By using the single backscattering model and a broader 
frequency range (from 0.027 to 40 Hz) they obtained the relation

Qc = q^f (44)

where / is the frequency of the waves and q varies with the coda interval taken, increasing as 
longer time intervals are considered. This expression is similar to that obtained by Fedotov and 
Boldyrev (1969) who used a single-station method to study P- and S-wave attenuation in the 
Kuril Islands chain. Although no theoretical explanation was given, Rautian and Khalturin's 
result reinforced the attempts made previously to introduce frequency-dependence in Q (Sato 
and Espinosa, 1964, 1967; Tsai and Aki, 1969; Nur, 1971; Solomon, 1972; Espinosa, 1977; Lee 
and Solomon, 1978; Der and others, 1984).
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Studying the frequency dependence of Q requires the measurement and interpretation of 
attenuation for waves in a very broad frequency range. Until the late 1970's the study of low- 
frequency waves (/ < 1 Hz) had progressed furthest (Anderson and Hart, 1978) because the 
analysis of primary waves of local events is more complicated: they are strongly affected in 
amplitude and phase by local heterogeneity (see Aki, 1984, for a review on the main character 
istics of short-period seismology). Besides, the amplitude and spectral contents of such waves 
are very sensitive to the velocity gradient at and near the turning point through which rays 
emanating from a near-surface source must pass.

The study of the attenuation of high-frequency S waves was made by Aki (I980a), applying 
a single-station method to minimize site effect and using direct body waves generated by deep 
sources to eliminate the turning point problem. In addition, the use of coda waves allowed 
elimination of the source effect without introducing arbitrary assumptions on source spectrum 
used in earlier single-station methods (Asada and Takano, 1963; Fedotov and Boldyrev, 1969). 
The method expresses the amplitude-source spectrum for primary S waves as

-wR/2(3Qfl
(45)3 , t

where R is the distance from the source to receiver, S(uj,0} represents the source factor includ 
ing the radiation pattern effect, and j3 is the unperturbed S wave velocity. A more detailed 
expression for the amplitude of body waves, Aa (u;, R, £, #,</>), where As can be either the am 
plitude of P or S waves in the frequency or in the time domain, is given by Sato and Espinosa 
(1967). The. observation on coda decay leads to the formula for the coda amplitude spectrum 
measured at time to as

Ae (w\t0 ) = 5(w)C(w|t0 ) (46)

where C(o;|io), the path term, is independent of hypocentral distance. The ratio at a given time

A.(u>lR) = S(u,0) e-»*WQfi 

Ae (u\t) S(u>)R C(u\t) ( '

Taking logarithms of both sides and averaging the left-hand side over many events which lie 
in a restricted distance range (R   A.R, R + A.R), it is possible to smooth out any systematic 
variation of focal mechanism with R:

, fRAa (u,R)\\ ,   ,  , 
In   , V i x I ) =a-bR (48)^ '

where a is independent of R and (49)
is the slope of the averaged logarithmic ratio versus distance R. It is important to remark that 
this method for determining Q@ is founded only on observed properties of coda (see expression 
46), independent of the models developed to explain them. The coda is used here only to remove 
the source effect on S waves with the assistance of expression (47) given above.

This method was applied by Aki (I980a) to data from the Kanto region of Japan obtained 
by Tsujiura (1978) at the Dodaira and Tsukuba stations. Both sources of data were used
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independently in the application of the single-station method. The resultant values of Q were 
identical between the two data sets, confirming the validity of the method. The results show a 
clear frequency-dependence of Qp of the form /n , n being 0.5, 0.6 or 0.8 according to the studied 
area. This dependence is similar to the frequency-dependence of Q c discussed earlier, which 
strongly supports the hypothesis that considers the coda composed of 5 to 5 backscattered 
waves. The frequency-dependence of Q c has been found for many different tectonic regions 
after Aki and Chouet's (1975), Rautian and Khalturin's (1978), and Rautian and others' (1978) 
studies. (See for example Console and Rovelli, 1981; Rovelli, 1982; Del Pezzo and others, 
1983, 1985; Del Pezzo and Zollo, 1984; Rodriguez and others, 1983.) Herrmann's (1980) results 
support this theory by finding a similar agreement between Q c and Q of Lg waves. Espinosa's 
(1981) results on Q of Lg waves for periods around 1 Hz evaluated in the contiguous United 
States are similar to those Q c obtained by Singh and Herrmann (1983). Similar results, on a 
regional basis, are also shown in studies by Nuttli (1973, 1980), Street (1976), Bollinger (1979), 
and Roecker and others (1982).

Relation Between Q c and

The previous results lead to several conclusions concerning Q c and Qp:

1. Q c and Qp vary with frequency in the form fn . Assuming that coda waves are com 
posed of scattered S waves, the frequency dependence of Q c can be attributed to an 
intrinsic frequency dependence of Qp. A previous explanation, which supposed an ap 
parent frequency dependence produced by a combination of depth-dependent Q and a 
frequency-dependent variable contribution from surface waves to coda waves, can be 
ruled out (Aki, 1982).

2. Q c and Qp agree well for frequencies higher than about 3 Hz at least for the Kanto area 
of Japan. Q c is somewhat greater than Qp for frequencies lower than 3 Hz, suggesting 
some defect in the S to S single-scattering theory. It is important to recall that Q c has 
been calculated using a single backscattering theory, while Qp does not depend on any 
coda model we adopt. In an earlier explanation, Aki (1980b) attributed the failure to the 
presence of multiple scattering. Later, considering that Rautian and Khalturin (1978) 
and Roecker (1981) obtained a good agreement between Q c and Qp at all frequencies 
in addition to a common increase with depth, Aki (I981b) suggested that Q c probably 
represents the value of Qp below the crust, while Qp at 1.5 Hz represents the attenuation 
in the crust.

3. If the agreement between Qp and Q c holds, the use of coda waves is the easiest way to 
estimate Qp.

4. The values of Qp and Q c for different regions tend to converge at high frequencies but 
are clearly dependent on the degree of current tectonic activity at frequencies around 
1 Hz. Higher activity is characterized by lower Q values in such a way that Q can be 
used as a tectonic activity estimator (Espinosa, 1981, 1984; Pulli and Aki, 1981; Singh 
and Herrmann, 1983; Rovelli, 1983a). This Q versus activity relation can be observed 
for frequencies less than 25 Hz and may include differences in Q of more than one order 
of magnitude between stable and active areas. The hypocentral depth influence in the 
observed Q c variations is discussed by Rovelli (1984a, b).
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These results confirm a previous study of the lateral variation of Q obtained from P waves 
generated by explosive sources (Suzuki, 1972). An increase of coda Q with the age of the 
oceanic crust has been observed by Jin and others (1985). Another effort has been undertaken 
by Canas and Pujades (oral commun., 1986) in evaluating the spatial Q distribution in the 
Iberian peninsula.

The importance of these results increases when we consider that the high Qp values obtained 
at high frequencies are comparable to those inferred for the lithosphere from the attenuation of 
long-period surface waves (Kovach, 1978). This agreement reaffirms the possibility of comparing 
Q c and Qp values with Q estimates given by more conventional methods.

Taking into account these results, Aki (I980a, b, 198Ib) used only one diagram to plot the 
estimates of Q" 1 obtained by different authors employing coda-wave analysis, single-station 
methods or Lg waves (see fig. 6 and table 3A for references concerning the United States). This 
figure suggested to Aki that the frequency dependence of Q~ l should have a peak around 0.5 
Hz. Circles, in figure 6, represent Q" 1 values obtained from L g waves, with a period of 1 s, 
throughout the United States (Espinosa, 1981, 1984). According to Espinosa, the mean Q~ l 
values for different regions in the United States show a definite correlation with crustal thickness 
and with the general regional physiography. They are characterized as follows:

1. Northeast Q~ l = 0.001
2. Southeast Q~ l = 0.001
3. South Q- l = 0.002
4. Central United States Q~ l = 0.00089
5. Basin and Range province Q~ l = 0.0017
6. The Rocky Mountains Q~ l = 0.0033
7. Northwest Q~ l = 0.0045
8. There is good correlation of the Q~ l distribution in areas where high heat flow has been 

	reported and characterized with a Q~ l = 0.0056

The Q~ l peak around 0.5 Hz, known as "Aki's conjecture", was seriously taken up by Sato 
(I982b) in his theoretical work (fig. 7). As will be studied in the next section, the fit of 
experimental results by the curves expressing the Q-frequency relation for a particular model 
constitutes a decisive test to check the model's quality for explaining attenuation and scattering 
mechanisms.

One more aspect of Q versus frequency relations must be considered. It concerns the mech 
anisms assumed to explain the frequency dependence and how they are affected by the ob 
servational results. Aki (I980a), after discarding several possibilities, indicated that only the 
thermoelastic effect and the scattering process are really viable (Zener, 1948; Savage, 1966). 
These phenomena require radically different scale lengths of heterogeneities to explain the peak 
of attenuation around 0.5 Hz: 1 mm and 4 km respectively. Although more recent studies 
underline the importance of scattering, this discrepancy demands more studies of Q versus fre 
quency relations and points out the importance of the analysis of heterogeneities that will be 
described later in this paper.

The main features of coda-wave analysis, particularly expression (8), and the regional and 
frequency dependences of Q have been shown for many different tectonic regions (see table 3B). 
They can be considered well-established facts. The results obtained under the assumption of
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constant Q may require future revision if important variations in frequency or different tectonic 

regions were involved.

(4)

0.023 0.094 0.375 0.75 1.5

Frequency (Hz)
12 24

Figure 6.  Q~ l vs frequency for the lithosphere in different regions of the world.

(1) Results obtained for two areas of the Kanto region in Japan. S stands for results 
obtained from 5 waves (Aki, 1980a). B and C identify the results, also from the 
Kanto region, which are in a hotter and more complex area than region A. Stippled 
area identified as Coda implies those values obtained, for the same region, using 
coda wave analysis (Tsujiura, 1978).

(2) Results for Central Asia obtained from 5 and coda waves (Rautian and Khalturin, 
1978; Rautian and others, 1978).

(3) Estimates obtained from Lg waves for Iran, Midwest, and Eastern U.S. (Nuttli, 
1973, 1980; Street, 1976; Bollinger, 1979); open circles, contiguous United States 
(Espinosa, 1981, 1984).

(4) Results from attenuation of long period surface waves. (Tsai and Aki, 1969; 
Solomon, 1972). Question marks indicate both lack of data and likely trends 
of variation.

[Reproduced with permission from the American Geophysical Union.]

Backscattering Coefficient

Information about lithospheric heterogeneity can be obtained from the scattered waves orig-
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Figure 7.  First display of "Aki's conjecture" made by Sato (1982b) for Q' 1 obser 
vational data. On the right are shown several results obtained by the single station 
method: solid circles, Southern Kuril Island (Fedotov and Boldyrev, 1969); open 
circles, Iwatsuki, Kanto, Japan (Sato and Matsumura, 1980b); open squares, Do- 
daira, Kanto, Japan (Aki, 1980a); and bold line, Garm, Central Asia (Rautian and 
others, 1978). On the left are shown the estimates given by surface wave analysis. 
The contour, or broken lines, shows the Q~ ^frequency trend suggested by "Aki's 
conjecture" which assumes a maximum for Q~ l around 0.5 Hz. (Reproduced with 
permission from the American Geophysical Union.]

inated by this heterogeneity. Backscattered waves as coda waves provide more information 
about impedance contrasts; forward scattered waves as primary P and S waves provide more 
information about velocity contrasts. However, the large number of variables affecting the scat 
tering process makes any deterministic interpretation difficult. In this discussion, coda waves 
will be used to estimate the ability of a particular medium to create backscattering. Later, in 
Section 3, some effects of forward scattering will be employed to improve the knowledge about 
heterogeneity.

The heterogeneity is usually estimated by the scattering coefficient "</", which measures the 
intensity of scattering. As has been defined in the glossary, it has a dimension of (length) ~ l 
and is the reciprocal of "f, the "mean free path" used by Sato (1978).
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TABLE 3A. Regions of the United States in which Q 
from Lg waves has been estimated

Region

Contiguous-------- --- Sutton and others (1967), Espinosa (1981,
	1984).

Eastern North America-- Nuttli (1973).
Northeastern---  ----- Street (1976).
Southeastern---------  Jones and others (1977), Bollinger (1979)
New Madrid-- ----------- Nuttli (1978), Dwyer and others (1981).
Central-----          Dwyer and others (1983).
Basin and Range-  -   Mitchell (1981).
Western-            Mitchell (1981), Patton (1983).
Colorado Plateau--  - Mitchell (1981).
Southwestern----------- Peseckis and Pomeroy (198M).
Great Basin---------   Chavez and Priestley (1986).

A first attempt to estimate the backscattering coefficient, g^, using coda waves was made by 
Aki and Chouet (1975) using both single backscattering and diffusion theory. Only the result 
based on the single backscattering model (Aki, 198Ib) will be discussed. Aki related coda power 
spectrum P(u\t) and g^ by the expression:

* ' (so)

It is known that P(u\t) can be estimated from the seismogram's amplitude A(u\t), which is 
measured on a band-pass filtered record at the center frequency u; in equations (21) and (22). 
In a similar manner, for coda-wave amplitude Ac (o;|i), it is possible to obtain the expression

w \t) = v/2P(w|t)A/ (51)

On the other hand, the Fourier amplitude spectrum F(u)\ for S waves may be estimated by 
equation (41) with an R dependence, which takes the form:

A9 (w,R) = 2&f\F(w)\ (52)

Note that this last expression is only applicable to an impulsive waveform. This limitation 
is avoided if the data are digitally recorded because in this case -F(u;)| can be obtained from 
Fourier analysis. The relation between the source factor S (a;) and the amplitude spectrum 

I F(UJ] can be written by using expression (44):

-WR/2PQ 0

I^H =|5H|    £   (53)

Expressions (22), (45) and (52) and the calculation of the average of A S /AC for different dis 
tances, yield:

(54) 
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TABLE 3B. Regions in which Coda Q has been estimated

Region References

Oishiyama, Japan               Aki and Chouet (1975).
Tsukuba, Kanto (area T), Japan   Do.
Central California             Aki and Chouet (1975), Phillips (1985).
Kilauea, Hawaii               Chouet (1976).
San Fernando, Calif.           Do.
Crimea                       Pustovitenko and Rautian (1977).
Garm, central Asia             Rautian and others (1978).
Stone Canyon, Calif.            Chouet (1979).
Epinal, France                 Ruhash (1979).
Jura, France                  Do.
Bangui, Central African Republic Do.
Arette, French Pyrenees         Hinderer (1979), Herraiz 1 (1982).
Utah                         Herrmann (1980).
Central California             Do.
Southeastern United States      Do.
Kinki, Japan                  Akamatsu (1980).
Tangshan, China2               Jin (1981).
Songpan, China2                Do.
Granada, Spain1                Herraiz (1982).
Lorca, southeastern Spain1      Do.
Friuli, Italy                 Rovelli (1982).
Hindu Kush, Afghanistan         Roecker and others (1982).
Aeolian Islands, Italy         Del Pezzo and others (1983).
Petatlan, Mexico              Rodriguez and others (1983).
Contiguous United States        Singh (1981), Singh and Herrmann (1983)
Sichuan Province, China         Zhang and Yang (1983).
Southern Hawaii*               Wilson and others (1983)
Alaska                       Biswas and Aki (1984).
New England                   Pulli (1984).
Ancona, Italy                 Del Pezzo and others (1985).
Beijing, China                 Chen and others (1984).
Yu-Nan, China                 Do.
South Carolina, United States    Rhea (1984).
Kalapana, Hawaii              Wyss (1985).
Tottori, Japan                 Tsukuda (1985).
Northern Baja, Calif.          Rebollar and others (1985).
Petatlan, Mexico              Novelo-Casanova and others (1985).
California                   Lee and others (1985, 1986).
Kuril-Kamchatka               Gusev and Lemzikov (1985).
Pacific Ocean: Lithosphere     Jin and others (1985).
Adak, Aleutian Islands         Scherbaum and Kisslinger (1985).
Tangshan, China                Jin and Aki (1986).
Haichen, China                 Do.
Central Japan                 Sato (1986).
Northwest Pacific             Novelo-Casanova and Butler (1986).
Round Valley, California        Peng and others (1986).
Central California-Sierra Nevada Phillips and others (1986).
Nevada                      Lee and others (1986).

not include Q frequency dependence study 
2 Coda analysis without including Q estimate.
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The backscattering coefficient gn may be calculated directly from this formula because "a1' 
can be found for each frequency band from a linear fit to the In (S to coda ratio) versus distance 

relation, and Q c may be estimated by coda analysis.

This method requires a large number of events to obtain the average value. Therefore, 
its applicability is very restricted. Aki (I980a, b), by using more than 900 events, obtained 

g^ = 0.02km~ for 1.5 and 3 Hz in the Dodaira and Tsukuba regions of Japan. Physically, 

this means that S waves with frequencies 1.5 to 3 Hz lose 2 percent of their original energy by 

scattering for every kilometer traveled if g(0]  g^ for all 9. This result agrees, within the error 
of determination, with that deduced from the attenuation of S waves calculated by the single- 

station method (Aki, 198 la). Thus, the backscattering loss required to explain the observed 
coda amplitude accounts for the observed attenuation of S waves and it is possible to conclude 

that the attenuation of S waves for this range of frequencies can be explained by backscattering 
due to inhomogeneities.

The values of gn just given are consistent with those obtained by Sato (1978) in the same 

area but by a different method. His procedure was based on the total energy estimates by 
the classical Gutenberg-Richter relation between magnitude and energy and the assumption of 

single isotropic scattering. He obtained g^ values from 0.006 to 0.04km" 1 for the frequency 

range of 1 to 30 Hz. Note that the use of expression (52) can introduce an overestimation of 
gir because of the possible underestimation of 5-wave spectra by amplitude measurements on a 
band- pass filtered record.

There is a final consideration with regard to the method just described: strictly speaking 

only an average parameter g^ has been obtained. This parameter offers an indirect estimation 
of the heterogeneity by expressing the energy loss by backscattering; in this way it improves 

the knowledge about coda synthesis and Q c~Q/3 relations. But it can be more interesting to 
study the perturbations of wave velocity caused by the heterogeneities and (or) the way they 

modify density and the Lame parameters. To evaluate g(0] for all values of 9 is needed. All 
these objectives require analysis of more detailed statistical models; the next section will be 
dedicated to this subject.

A comparison between the observed 5-wave displacement spectrum, which is the source spec 
trum modified by forward scattering and attenuation, and the observed coda- wave spectrum, 
which is the same source spectrum perturbed by the backscattering effect and attenuation, can 

shed light on the scattering mechanism. This study was accomplished by Aki (I981b) using 
the data from the Kanto region with which he had already estimated Q@ and gn (Aki 1980a, 
b, respectively). In this method the S spectrum is estimated by expression (52), which after 

correcting for attenuation yields:

R e» R <*e (55)

where, as usual, R is the distance from the source to the receiver, fi is the shear velocity, and 
Qp is known from previous studies. On the other hand, the coda spectrum Fc (u} is defined as:

(56)
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where Ac is the peak to peak ground displacement of coda waves averaged over a fixed time 
interval around t = 50s. Ac is measured in the frequency band A/ after correcting for in 
strument magnification (Aki 1980a, b). As in previous studies, two main tectonic areas were 
distinguished in the Kanto region.

Comparison of FC (UJ] and FS (UJ] for both areas and for crustal and mantle shocks shows 
that only forward scattering is affected by structural differences. This fact suggests that this 
scattering is more sensitive to spatial variation of heterogeneity than backscattering. A decrease 
in the coda spectrum toward the low-frequency end (1.5-3 Hz) is also seen. Since such a 
decrease is absent in the S spectrum and cannot be attributed to a source effect (Molnar and 
others, 1973), it must be considered as a result of the weakening of backscattering toward low 
frequencies. This trend agrees with the frequency dependence of Q~ l but disagrees with the 
trend of the Q 7 -frequency plot shown previously. Aki suggested that this failure can be due 
to biased observations of Q@ for 1.5 Hz for shocks with focal depth greater than 35 km. Thus, 
Q/3 for 1.5 Hz was mainly attributed to wave paths in the crust while gn and Q c were primarily 
related to mantle paths.

The estimation of scattering coefficients has received careful treatment in some of the most 
recent studies (Sato, 1982b, 1984; Wu and Aki, 1985b). As will be seen in Section 3, scattering 
coefficients can also be estimated from phase and amplitude fluctuations of P waves over a 
large seismic array. The sensitivity of backscattering and forward-scattering coefficients to 
inhomogeneities with different scales constitutes one of the most interesting points of research.

Station Site Effects: Applications

The influence of station site on short-period seismic waves was identified by Richter (1958) 
and later, on specific site-amplification studies, by Espinosa (1968, 1969) and Espinosa and 
Algermissen (I972a, b, 1973). Likewise, the influence of station site effects on coda waves 
has been identified by Aki's initial work in 1969. He observed that codas corresponding to 
different stations in the Parkfield-Cholame (California) area had the same behavior in the decay 
of amplitude but different levels of excitation. Stations on younger sediments showed greater 
excitation than stations sitting on granitic rock and older sediments. Therefore a correction was 
necessary before coda amplitudes could be used by seismologists to estimate the seismic moment. 
This same requirement for station correction was noted by Aki (I981b) while performing the 
comparison between S-wave and coda-wave spectra in the Dodaira-Tsukuba area.

Tsujiura (1978) compared the site effect for P, S, and coda waves for six stations at Mount 
Dodaira (Japan). He found a greater stability of amplification factor for coda waves than for 
P and S waves. The site effect for coda waves seemed to be independent of the direction of 
wave approach, and its value was about the median of site effects for S waves but different from 
that for P waves. As was mentioned earlier, this result is a strong argument in favor of the 
explanation of coda waves as backscattered S waves.

Tsujiura (1978) also noticed that the increase of Q c with frequency was dependent on the 
local geology of station site. For frequencies ranging from 0.75 to 24 Hz, he found Q c variations 
of 250-800 and 150-2,500 for stations located on sandstone and granitic rocks respectively. The 
frequency dependence of amplitude also correlates with this local geology. The differences of 
coda amplitude between stations located on sediment and granite varied from 20 times at 0.75 
Hz to less than 1/10 at 24 Hz. Tsujiura attributed these facts, also observed for S waves, to
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differences in intrinsic Q and inhomogeneity changes of the Earth's crust beneath the station. 
The site dependence of Qc is inconsistent with the simple 5 to S backscattering model, because 
Qc accounting for path should not be affected by local geologic structure. This subject requires 
a more careful study.

Site effect has received renewed attention because of its use for earthquake engineering (Es- 
pinosa and Algermissen, 1973; Espinosa and Lopez-Arroyo, 1977; Bard and Gariel, 1986). 
Phillips (1985) and Phillips and Aki (1986) have developed a new method for calculating the 
coda site effect by using a large amount of network digital data. Its application to over 1,200 
codas of 90 California earthquakes recorded at 150 stations shows a different site amplification 
pattern for low and high frequencies. In agreement with Aki's earlier results, the amplification 
at 1.5 Hz is very high for young sediments and far lower for granites and old sediments (fig. 8).

It seems that impedance mismatch is the predominant mechanism at low frequencies while 
absorption becomes more and more important as frequency increases. The possibility of change 
in site effect must be taken into account in the application of Q temporal fluctuation to earth 
quake prediction. A recent study of the spatial variations of crustal coda Q across the San 
Andreas fault in central California and in the Sierra Nevada batholith (Phillips and others, 
1986), has introduced a new perspective on this subject. Using only relatively short lapse times 
in order to avoid upper mantle contributions, these authors obtained a frequency dependent 
trend opposite to that estimated from longer lapse-times. These results could be explained 
by assuming a regional and frequency-independent intrinsic attenuation superimposed upon a 
more slowly varying apparent Q, perhaps due to scattering. In any case, site effect must be 
considered in the estimation of magnitude based on coda duration (Del Pezzo and others, 1985).

PART III: TEMPORAL VARIATIONS OF CODA-WAVE SHAPES

In addition to the coda characteristics already described, the temporal variations of coda 
decay, which can be quantified as a temporal change of Qc? must be considered.

The first observation of this phenomenon was made by Chouet (1979) who, on studying 185 
earthquakes recorded in Stone Canyon, California, for 1 year, noticed a marked increase in 
the energy of the high-frequency coda of earthquakes with similar magnitudes and locations. 
The change in the spectrum shape was reflected by a remarkable decrease in the corresponding 
Q c values. This anomaly was observed over the 1.5 to 24 Hz frequency range. Instrument 
failure and rainfall were ruled out as possible explanations. Chouet suggested two possible 
mechanisms based on temporal variations in the source spectra of earthquakes and on changes 
in the attenuation and (or) scattering properties of the underlying crust. Aki (1980b) recognized 
that the frequency dependence of spatial variation of Qc had a shape similar to those due from 
temporal variation. This similarity suggests an explanation of both phenomena by common 
origin, namely that heterogeneity is responsible for scattering changes in both time and space. 
The Q c fluctuations may be the expression of changes in the heterogeneous structure, also 
affecting other earthquake precursory phenomena such as anomalous animal behavior, well 
levels, and geochemical perturbations (Aki, 1985). This hypothesis is supported by several 
other observations: Q c changes before pressurizing a hydrofractured reservoir at Los Alamos 
Hot Dry Rock geothermal site (Fehler, 1979), volcanic eruptions at Mount St. Helens (Fehler 
and Roberts, oral commun., 1983) and earthquake occurrence (Zhadin, 1979; Jin, 1981; Del 
Pezzo and others, 1983; Wilson and others, 1983; Rhea, 1984; Gusev and Lemzikov, 1984,
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1985; Tsukuda, 1985; Wyss, 1985; Novelo-Casanova and others, 1985; Sato, 1986; Jin and Aki, 
1986). Most of the observations show decreases of Q c of local small earthquakes before major 
earthquakes and eruptions, as well as fluctuations in the ratio between S-wave and coda-wave 
amplitudes. It was also observed that b and Q c variations had the same trend around major 
earthquakes and opposite around volcanic eruptions. These facts were explained assuming that 
the b value can increase or decrease when the crustal cracks close according to whether the 
change of stress condition affects larger cracks more than smaller. As the increase of Q c always 
corresponds to the closing of cracks, this parameter seems to be a more reliable indicator of 
the stress condition than the b value (Aki, 1985). The temporal change in coda Q (Q c ) has 
been studied by Peng and others (1986) using the recordings from the Round Valley, California, 
earthquake of November 23, 1984. They found an increase of Q" 1 for those events which 
occurred after the main shock in the epicentral area. The opposite effect was observed from those 
events which were located farther away from the epicentral region. These results are similar 
to those reported by Tsukuda (1985) using short lapse-time analysis and by other investigators 
who have used long lapse-time coda-wave studies, but disagree with those expected by Gusev 
(1986). It seems that the doughnut model proposed by Mogi (1977; see also Kanamori 1981) 
to explain precursory seismicity patterns is appropriate to fit the Q~ l coda changes reported 
above. All these facts lead toward considering the temporal variations of Q~ l as an earthquake 
precursor with these important characteristics:

1. It is a precursor with a known sampling volume; if the station is close to the epicenter, 
this volume becomes a sphere with radius equal to /?£/2, where ft is the velocity of S 
waves and t is the arrival time of coda waves. This knowledge makes the use of Q c as a 
predictor easier.

2. Its measurement may be made without great difficulty, and its variations can be clearly 
observed.

PART IV: P CODAS; DESCRIPTION AND APPLICATIONS

So far, attention has been focused on the last part of local seismograms, that is, the S coda. 
Here, a brief review of P-coda waves will be presented. The expression, "P-coda waves" was 
first used in the late 1960's to refer to the phases following the direct P waves at teleseismic 
distances (Basham and Ellis, 1969). Greenfield (1971) defined P coda explicitly as "the part 
of the signal that does not come from the well known arrivals such as PP and PcP". More 
recently (Hudson, 1977), this term has been applied to any phase placed between P and S direct 
arrivals. P coda includes several phases fairly well known and some faintest lines considered as 
their precursors. The main phases have been extensively used to improve knowledge about the 
Earth's structure and to discriminate between earthquakes and underground explosions.

These precursors demand careful attention, because they are considered to be scattered waves, 
and because they constitute another thumbprint left by heterogeneities on seismograms.

The first attempt to explain P-coda formation as a scattering process was made by Wesley 
(1965), who applied the diffusion model to obtain an overall description of near range seismo 
grams. Greenfield (1971) explained the P coda of teleseismic records as a result of conversion of 
near-source Rayleigh waves to P waves by the rough topography of the surface near the source. 
In his turn, Kopnichev (I977a) assumed that the scattering occurs singly and isotropically within
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a medium in which velocity inhomogeneities are random and spatially stationary. Using these 
assumptions, Kopnichev studied three different situations: scattering in a half-space, scattering 
in a layer, and scattering in a mixed layer and half-space situation. This analysis constitutes an 
extension of the single-scattering model. It estimates the Q value from the damping of P coda 
and the differential scattering coefficient g(6] from the ratio of intensities of the P wave to P 
coda. Using a ChISS station placed at A = 63° and assuming a layer 200 km thick for the last 
two situations, Kopnichev showed that Q increases somewhat with an increase in frequency for 
the range of 0.7 to 2.7 Hz and for the three situations. This result is similar to the variation 
found previously for S coda. In a more recent work, Sato (1984) has outlined the importance 
of S »P scattering near the source region in the formation of P-coda waves.

The scattering mechanism has also been used to explain the precursors to some major phases. 
For instance, King and others (1974, 1975), King and Cleary (1974), and Cleary and others 
(1976) so interpret precursors to PP at epicentral distances of around 100°. A similar expla 
nation has been proposed to account for precursors to PKPPKP (King and Cleary, 1974) 
and to interpret precursors to PKIKP observed in the shadow region of PKP (Haddon and 
Cleary, 1974; Vinnik, 1974, 1981; Doornbos, 1974, 1976; Husebye and others, 1976). These 
data suggest the existence of a strong small-scale heterogeneity in the Earth and the neces 
sity of revising several results obtained by methods based on one-dimensional vertical structure 
(Mereu and Ojo, 1981). According to results obtained by Cleary and Haddon (1972), Doornbos 
and Husebye (1972), and King and others, (1974), the problem can be particularly serious if 
discontinuities in the upper-mantle have been considered. Barley and others (1982) have sug 
gested the existence of S to P scattering at the base of the upper-mantle, immediately beneath 
the source region. Correlation studies between short-period P-coda characteristics and crustal 
structure were initiated by Hasegawa (1969, 1970), and particle motions of P-coda waves have 
been analyzed by Sato and Matsumura (I980a).

Most practical analyses previously cited were based on theoretical results for first-order scat 
tering obtained by several authors (see for instance: Miles, 1960; Herrera, 1965; Herrera and 
Mal, 1965; Haddon, 1972, 1978). Hudson (1977) summarized previous trends of research and 
pointed out the limitations of results based on acoustic theory.

Finally, let us remark on the stability of the P coda as opposed to the great variability of 
direct P signals. This last property has been carefully studied by Douglas and others (1973) 
who compared complexity, mt, and energy and spectral ratios, for several nuclear tests and 
earthquakes. Their results confirm the stability of amplitude and spectral contents in P-coda 
waves, features that we have found earlier in S codas. The ability of P codas to discriminate 
seismic waves of earthquakes and explosions was also studied by Evernden (1977) and Evernden 
and Kohler (1979). Other studies of the stability of the P coda and the variability of direct P 
can be found in Subash and Choudhury (1979), and Aki (198la). Baumgardt (1985) offers a P 
and Lg analysis of long term codas recorded at GRAEFENBERG and NORSAR arrays, from 
possible underground nuclear tests in western Russia.

SECTION 3: STUDY OF INHOMOGENEITY 

INTRODUCTION

In the previous section, three important features of seismograms due in great measure to scat-
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tering have been considered: coda formation, attenuation, and P-phases precursors. These are, 
perhaps, the most striking traces left by heterogeneities on seismograms. Let us now consider 
more subtle effects, namely phase and amplitude fluctuations on direct P waves produced by the 
interference of scattered waves. This latter effect will be considered carefully because it plays 
a significant role in our next task: the quantitative study of heterogeneity. This includes the 
estimation of parameters "a" (scale length of inhomogeneity) and "#(#)" (differential scattering 
coefficient) to obtain some quantitative information about the heterogeneities responsible for 
scattering. A method to evaluate g^, that is g(0) when O = TT, by using coda waves has already 
been described. Their frequency dependence, as well as the Q~ l -frequency plot previously 
described, will play a decisive role in checking scattering models.

There are various ways to estimate the heterogeneity quantitatively, such as the use of well- 
logging data, the techniques based on inversion of P-time data observed at seismic arrays, and 
the methods founded on the theory of wave propagation in random media.

As far as we know, the first estimate of small-scale heterogeneities was based on observations 
of damping of body waves. Jeffreys (1959, p. 114) assumed that the damping factor for waves 
with periods of 10 s in comparison with those for long periods is e~ l for a distance of 5,000 
km. He also considered that the wave velocities vary from heterogeneity to heterogeneity by 
a factor of 0.1. With these main assumptions, Jeffreys attributed a length of 450 cm to the 
average grain diameter of crustal irregularities. As Aki (1973) pointed out, this value is too low 
and cannot explain amplitude and phase fluctuations observed in the Montana LASA.

The analyses of precursory phases can be extremely useful to obtain information about the 
Earth's deep interior, but the subject is out of the scope of this work. Two other methods are 
more relevant here. The first uses the autocorrelation of seismic velocity measurements taken 
along a borehole to get information about the fractional velocity fluctuation and the correlation 
distance. This method has been applied to data from Fenton Hill, New Mexico, by Wu (1982a), 
and from Shimosha, Japan, by Sato (1979) and Suzuki and others (1981). Its application is 
very restricted because it can only sample shallow depths ranging between 2,000 and 3,000 m 
at a very few places.

The other method uses P-time residual data of teleseismic and local earthquakes observed at 
a seismic array. These data are inverted to obtain a three-dimensional plot of seismic-velocity 
anomalies under the array (Aki, 1977, 198Ic; Aki and others, 1977; Him and Nercessian, 1980: 
Roecker, 1981). The array aperture must be large enough to adequately sample the bottom of 
the lithosphere with small enough station spacing. In fact, the station spacing limits the scale 
length of heterogeneity resolvable by this method to about 10 km. The use of damped least- 
square solution or minimum solution in the method (Aki, 1977) tends to suppress the estimate 
of mean square fractional velocity fluctuation; therefore, the values given by this method have 
to be considered as lower bounds.

MODELING RANDOM MEDIA

This research is based on the observation of P-wave phase and amplitude fluctuations recorded 
by a large aperture seismic array. When a seismic wave travels through a heterogeneous me 
dium, it is modified in amplitude and phase as the wave front encounters random small-scale 
velocity and density deviations from the mean values. If this medium is situated beneath a seis 
mic array, phase fluctuations are recorded as variations in traveltime of the first P arrival from
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the value expected for a homogeneous velocity structure (fig. 9). In the same way, amplitudes 
show large variations across the array from that expected from the homogeneous case. If a 
mathematical relation between these observed fluctuations and the magnitude and distribution 
of medium fluctuations can be established, wave fluctuations can be used to deduce character 
istics of the medium. This subject constitutes the inverse problem that, generally, does not 
have a unique solution. The forward problem   to determine wave fluctuations from random 
deviations of medium parameters   forms part of the theory of wave propagation in random 
media. In seismology, this forward problem has been mainly treated using one of these statis 
tical approaches: Chernov's theory (1960), the mean wave formalism (Karal and Keller, 1964), 
and the traveltime corrected mean wave formalism (Sato, 1982a, b). Recently, other numerical 
methods have been introduced to study the effects of random media on traveltimes and ampli 
tudes of seismic waves (Menke, 1983a, b; Nowack and Aki, 1984; Frankel and Clayton, 1986). 
Their application to refraction profiles data (Ojo and Mereu, 1986) or to seismic prospecting 
(Banick and others, 1986a, b) can be highly useful. Concern with the above cited statistical 
approaches, and because of the similarities between the mathematical model and seismological 
method, both subjects will be described together.

Chernov's Theory

The theory initiated by Pekeris (1947) and developed by Chernov (1960) on scalar wave prop 
agation in a medium with random heterogeneities has found so large an application in modern 
seismology (Aki, 1973; Capon, 1974; Berteussen and others, 1975; Wu and Aki, 1985b) that 
special attention to it is justified. Since the theory is for the scalar wave equation, strictly 
speaking, an extension to the vector wave scattering analysis is needed for application to seis 
mology. In order to characterize the medium statistically, Chernov introduced the fluctuation 
of the refractive index, M(r), that may be defined as:

MW=-l (57)

where v(r) expresses the velocity and (v) is its average value. The spatial correlation function 
7V(r), which expresses the correlation of fluctuations between two points within the heteroge 
neous region, is assumed to have Gaussian form. Other assumptions used by Chernov and of 
special interest in the study are:

1. The medium is weakly inhomogeneous, that is (p 2 } <^C 1
2. The random process is statistically homogeneous and isotropic.
3. The extent of medium is much greater than the correlation distance a: L^>a.

Under these assumptions Chernov proved that if (as happens in hydroacoustic problems) density 
fluctuations can be neglected, small-scale fluctuations (/ca<C 1) generate isotropic scattering. On 
the contrary, for large-scale fluctuations (/ca >> l) scattering depends strongly on the direction. 
In this last case, most of the scattered power is concentrated within the small angle 0, 0~ l//ca 
in the forward direction.

Scattering due to density fluctuations can be discounted more accurately when only K& ^> 1 
is considered, because in this case scattering due to velocity fluctuations becomes much more 
important.
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These conclusions, which have been cited before in this work without explaining their origin, 
are refined in the studies that shall be commented in on the next section.

From considerations of energy flow attenuation, Chernov defined the scattering coefficient </, 
as given by equation (4)

-n < >
where A/ represents the loss of energy by scattering when a wave of energy / passes through 
the layer of thickness L. Chernov proved that in the case of small-scale inhomogeneities, g 
is proportional to the fourth power of the frequency (Rayleigh scattering), according to the 
expression:

g = ^(»2 ) K4 a* (58)

For the case of large-scale heterogeneities the formula is:

g = ^(n2 ) K 2 a (59)

Hence, the scattering coefficient increases as the square of the frequency. The development of 
Chernov's theory assumes the Born approximation. It implies that although Chernov defends 
their applicability (Taylor, 1967; Aki 1973), the formulas which shall be seen later are not 
applicable beyond the condition for Born's approximation. The ratio A/// can be evaluated 
using the expression:

(60)

calculated assuming Ka ^> 1 This expression will be used by Aki (1973) to check the conditions 
for meeting the Born approximation.

The study of fluctuations, done in order to get a dependence between the variations of the 
wave characteristics and those of the medium, assumed the density to be uniform. As in the 
scattering problem, only a monochromatic plane wave is studied and two ways   small pertur 
bations and Rytov's method   are used. Both these methods give similar results to small-scale 
inhomogeneities, but Rytov's (1937) method deals better with large scale inhomogeneities. In 
this case, the Fresnel approximation is introduced. This approximation considers only the effect 
produced by the inhomogeneities concentrated within a cone with its vertex at the receiving 
point and with an aperture angle of the order of l//ca . In this way, the spherical wave front is 
approximated by a parabolic one. The Fresnel approximation is only valid for large Ka namely 
when most of the scattered power is concentrated within the solid angle 0~ l/K,a. In the case 
Chernov was interested in, (/ce* ^> 1 for acoustic waves), the scattering produced by density 
fluctuations is much smaller than that due to velocity anomalies. It must be noticed, however, 
that real seismological situations can be very different. Taking into account the assumptions 
described before and introducing the wave parameter D, the mean square phase and logarithmic 
amplitude fluctuation are respectively given by:

/ r-i2 \ V "" f 1\ 1 T I -t r\\ I f> t\(S )=    (p)K aLM + -arctanPl (61) 

and
- . . /IT - - / 1 \

(62)
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The ratio (B 2 )/{5 2 ) is a function of only D and is always less than unity:

/_02\ 1  arctan D
(63)

1 +   arctan

For D ^> 1 (Fraunhofer region), the above expressions become:

/A ^ /c c*L (64)

So, in the case of a large wave parameter, the mean square amplitude and phase fluctuations are 
the same and increase proportionally with L. In the opposite case, when D is small, Chernov 
proved that the amplitude fluctuations decrease faster than phase variations so that they become 
an order of magnitude smaller for D <C 1 . For D   0, equations (61) and (62) reduce to

<B2 > = 0 (65) 

and
/ ^t2 \ _ // 2 \ 2 JT ida\

That is, the amplitude fluctuation vanishes and the phase fluctuation becomes dominant.
Chernov further calculated the cross correlation between the phase and log amplitude fluc 

tuations at the same receiver. Also, he evaluated the spatial autocorrelation for fluctuations 
between different receivers, and the time autocorrelation for amplitude (or phase) variations at 
the receiver. Only the first two items are treated in this study. For the cross-correlation, (BS), 
between both types of fluctuations the result is

(67)

So, the correlation coefficient Ri 3 of the amplitude and phase correlations, defined as

(BS)
Rbs = , (68) 

\/(B*) (S 2 )

takes the form
> 2

(69)
2^/D 2 - (arctan D) 2 

At small distances (D «C 1), when the ray approach holds, this expression simplifies to

/3 
Rbs - 7^= ~ 0.6 (70)

And at large distances
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The last two expressions show that the correlation between amplitude and phase fluctuation is 
always positive and vanishes when the distance is large. These results constitute the first known 
estimate of the correlation between amplitude and phase fluctuation at the receiver.

The spatial autocorrelation evaluates the behavior of fluctuation of one parameter along the 
space. Chernov examined two cases: when the receivers are colinear with the source (longitu 
dinal autocorrelation), and when they are situated in a plane perpendicular to the direction of 
wave propagation (transverse autocorrelation).

To cope with the longitudinal autocorrelation Chernov took two points separated by a distance 
AL smaller than their distance to the origin of coordinates. In the region of large values of D 
and for K& ^> 1 and AL~<* Chernov deduced the expression

(J3iJ32 > = (5i52 > - Y- (* /* aL t72 )

where (B\B<2) is the longitudinal autocorrelation for amplitude fluctuations and (SiS^) the 
autocorrelation for phase fluctuations. This last result coincides with the expression (64) for 
the mean square amplitude and phase fluctuations. Mathematically, this result means that 
at a distance between the receiving points nearly equal to the correlation length, a, both the 
amplitude and the phase fluctuations are almost perfectly correlated.

If the distance is large compared to a, that is AL^a, the autocorrelations are

<BiB2> = (SA) = 2 , (73)

Defining the correlation coefficients as

(BiB2 )* = W and * = (74)

expressions (64) and (73) lead to:

s /2AL\ 2 
1 + I    ;r I

\ K0t* J

For the case D = -^% <C 1 it is easy to see that there is a complete longitudinal autocorrelation 
both for amplitude and phase fluctuations.

Finally, the transverse autocorrelation considers two points lying on a plane parallel to the 
wave-front and separated by a distance d. For D <$C 1 , the amplitude and phase autocorrelation 
coefficients are respectively

d2 \(d2 ^' 
1- 2  + -  

a2 2\ a2 
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and
R3 = e^2/"2 (77)

So, the phase autocorrelation coefficient R3 has the same shape as the correlation coefficient for 
/^(r) fluctuation. Both phase and amplitude fluctuations have a correlation distance similar to 
that of the refractive index. For the Fraunhofer diffraction and D <C 1 , the results are

Da 2

1     arctan D

and

R _
JL_Q  

1 +   arctan D
(79)

where Si(x) is the sine integral function defined as

Si(x) - I"    du (80) 
Jo u

Chernov proved that RI, and Rs tend toward unity when d <C a, and decrease to zero when 
d ^> a. These results have been extended to different correlation functions 7V(r), by Tatarskii 
(1961). The measurement of R^ and R3 can offer an efficient way to estimate the correlation 
distance a of the random medium.

So far, the forward problem has been addressed to obtain different correlation coefficients for 
amplitude and phase fluctuation of the waves from velocity fluctuations of the medium. The 
inverse problem was investigated by Aki (1973), who studied data from the Montana LAS A and 
succeeded in estimating the correlation length, a, and the mean-square value of the velocity 
fluctuations, (M 2 ), beneath the array. For this purpose Aki selected 66 seismograms recorded 
at appropriately spaced stations of the Montana LASA. After applying Fourier Transforms and 
comparing with the best-fitting plane wave solutions in terms of phase velocity and azimuth of 
approach, the chosen signals give 44 sets of data; each one with 66 amplitudes and 66 phase- 
delay measurements. These 44 sets supply the respective values of a<j> (root-mean square phase 
fluctuation, expressed by \/(S 2 ) in Chernov's theory), a A (root-mean square log amplitude 
fluctuation, \/(B 2 } in Chernov's notation), and p (Correlation coefficient, RI, S in Chernov's 
theory). Expressions <r<^, a A, and p correspond to Aki's (1973) notation. It is found that 
oA/o<j) was less than unity for all but one of the sets. This last result agrees well with Chernov's 
predictions. Similar results were obtained on the observed correlation coefficients, p , between 
phase and logarithm of amplitudes: 39 out of 44 are positive, as was predicted by Chernov's 
theory.

The spatial autocorrelations of amplitude and phase were calculated for six data groups sepa 
rately. These groups comprised events having similar direction of wave approach and considered 
only data between frequencies of 0.5 and 1.0 Hz. The values obtained for oA/o<j> and p from
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observational data give two independent procedures to estimate the wave parameter D accord 
ing to expressions (63) and (69). The closer their results agree the better Chernov's theory 
works. In this way, Aki (1973) showed that Chernov's formula appeared to apply correctly to 
frequencies around 0.6 Hz but not to those around 1 Hz. The average D value was found to be 
5 ± 1 and the transverse autocorrelation function predicted for this value by Chernov agreed 
well with the observed autocorrelation functions for / = 0.5. From the comparison between 
theoretical and observed curves, a was found to be 10 ±2 km. On the other hand, for f = I Hz, 
observed and predicted curves show departure.

Substituting the values of D and a obtained for / = 0.5 Hz in expression (3) which defines D, 
Aki obtained L ~ 60km, and from the expression for 0<f> deduced (/A2 )- The value of g(0) for 
this case of forward scattering, in which 0   0, is obtained by approximating to the fractional 
energy lost by scattering per unit propagation distance

Then by substituting expression (60) in (81) and for K,a > 1 one obtains

/* 2 )K2 e* (82)

formula which has already been seen as Chernov's result for large-scale heterogeneities (59). 
Expression (82), for / = 0.5 Hz and with the estimates of (/^ 2 ) and a previously obtained, gives 
a value of 0(0) equal to 8x 10~ 3 km. The results obtained for a, D, L, (M2 } ? an^ 0(0) characterize 
the heterogeneity under the Montana LASA. The fractional energy loss from primary waves, 
A///, obtained by applying expression (60), is ~ 0.5 for / = 0.5 Hz and ~ 2 for / = 1 Hz. This 
result proves that Bern's approximation fails for this last case and explains the disagreement 
between observations and Chernov's theory at this frequency. Finally, the values ACC*~ 5 and 
K,a ~ 10 obtained for / = 0.5 and 1 Hz respectively show that the Fresnel approximation is met 
in both cases.

This study strongly supports the Chernov theory and shows the necessity of a better approx 
imation than Born's to describe the amplitude fluctuations for frequencies equal to or greater 
than 1 Hz. A similar conclusion has been obtained by Powell and Meltzer (1984) from the 
SCARLET network. The results just described will be compared to values obtained by differ 
ent methods.

Chernov's theory was also applied to the Montana LASA area by Capon (1974) by using P 
amplitude and slowness anomalies. Data were recorded within nine subarrays and were not the 
same as those used by Aki. The frequency chosen was also different: 0.8 Hz. As can be seen in 
table 4 the results obtained by Aki and Capon agree fairly well. This agreement is remarkable, 
taking into account that Capon uses slowness measurements instead of phase anomalies as Aki 
did, and that heterogeneities are confined to different depths in these studies.

A modified version of Chernov's theory was used by Berteussen and others (1975) in modeling 
the crust and upper mantle beneath the NORSAR and LASA arrays. In the Montana LASA 
a correlation distance of 15 km was found for two configurations considered. This result agrees 
closely with those commented on before. However, Berteussen and others show the shortcomings 
of Chernov's theory to estimate L, that is the thickness of the random medium, and to deal
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with processes in which strong scattering can be involved, such as the situations which had 
been found for frequencies around 1.0 Hz (LASA) and 0.6 Hz (NORSAR) by Aki (1973) and 
Capon and Berteussen (1973), respectively. As previously stated, the same effect has been 
observed for the precursors to several P phases, which limits the use of Chernov's theory. The 
estimate of (/x 2 ) by Berteussen and others (1975) was calculated using only phase or amplitude 
fluctuations and is considerably smaller than that obtained by Aki (1973) and Capon (1974), 
who employed both amplitude and phase fluctuations (see table 4). Therefore, the estimate 
obtained by Berteussen and others (1975) will not be used in further comparisons.

Aki and others (1976) applied the three-dimensional inversion method of Aki and others 
(1977) to 3,206 observations of P time from 178 teleseismic events recorded at the Montana 
LASA. They obtained a lower limit for \/(v 2 } of 3.2 percent. The corresponding L was estimated 
between 60 and 120 km. These results allowed them to estimate that 100 km underneath the 
Montana LASA the rms velocity fluctuation amounts to about 3 percent with a correlation 
distance of about 10 km.

Mean Wave Formalism

The strong dependence of Chernov's theory on Born's approximation requires a discussion of 
the drawbacks of this approach. Specifically, the Born approximation may break down because 
considering the primary wave as an unperturbed wave implies neglecting simultaneously the 
decay due to the scattering process and the energy supplied back to primary waves by scattered 
waves. Both phenomena can be important when large regions and (or) strong inhomogeneities 
are considered. In fact, when Born's criterion (A///<C l) fails, Chernov's theory is not suitable. 
In addition, as Wu (I982b) pointed out, even when this criterion is satisfied, the frequency 
dependence of the total field attenuation considering multiple scattering will be different from 
the single-scattering approximation if K,a ^> 1. It cannot be forgotten that taking into account 
multiple scattering may be a more realistic approach in many real problems. These limitations 
suggest that using another statistical model not based on Born's approximation may better 
develop the study of seismic wave propagation in random media. And indeed, several authors 
(Beaudet, 1970; Varadan and others, 1978; Varadan and Varadan, 1979; Sato, 1979; Korvin, 
1983) have used the mean vector-wave formalism, which a priori has the advantage of being 
valid for any dimension of the region occupied by the random heterogeneity. Sato's contribution 
to the subject and the controversy raised by the use of the mean wave model prompt us to offer 
a short description of its main characteristics.

The mean wave formalism was initiated by Keller (1960, 1964), Bourret (I962a, b), Karal 
and Keller (1964), and then was renovated in Howe's (197la, b) studies. The model supposes 
a family of media in which each member deviates slightly from a homogeneous medium. The 
deviation is random and is characterized by an autocorrelation function. For each member of the 
random medium the wave field is determined by using perturbation theory for a given initial 
condition. The statistical properties of the wave field over all member media are calculated 
on the basis of the autocorrelation function. All the wave fields share the same statistically 
average properties. Karal and Keller (1964) obtained an equation satisfied by the average wave 
and deduced from it the propagation constant of the medium /c. The imaginary part of /c is the
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attenuation coefficient for the mean wave in the medium. Its expression is

/
oo 

(1 -cos2/c0 r)7V(r)dr (83) 
_

where e 2 measures the departure of the medium from homogeneity, /CQ is the wave number of 
the incident wave, (i^ 2 } expresses the inhomogeneity and satisfies (p,(x}} = 0 and N(r] is the 
correlation function. Taking N(r}=e~ r ' a where a is the correlation distance, these authors 
obtained expressions of /c both for KQO. ^> 1 and KQ <C 1. The study was made initially for scalar 
waves in a slightly nonuniform infinite medium but was soon extended to vector waves. The 
application to the elastic case is accomplished assuming perturbation of density and the Lame 
parameters, and the results are expressed as a function of their correlation and cross-correlation 
values. Note that the method establishes a relation between the mean wave characteristics 
and the fluctuations which define the heterogeneity of the medium. Therefore it is possible to 
infer medium properties from mean wave characteristics. However, as will be seen later, it is 
necessary to be aware of the differences between the mean wave and the observed wave when 
the seismic case is considered.

The Karal and Keller (1964) method was applied to explosion data by Beaudet (1970), who 
calculated the attenuation factor and the correlation distance for the Nevada Test Site. For the 
first parameter he obtained a result closely related to Nikolayev's (1968) turbidity coefficient 
but far from the already-cited result of Aki (1973). The correlation distance was estimated to 
be about 200 m for waves with frequencies between 2 and 50 Hz, which seems to be too low of 
a value (Aki, 1973).

The mean-wave theory was improved by Howe (197la, b), who clarified the method and 
used a more understandable notation. The separation of the wave field ^(z, i] into two parts 
introduced by Karal and Keller (1964) is now expressed as

^(M) = WM)) + ^'(M) ( 84 )
where (ty(x,t)} represents the mean wave and ^'(x^t] expresses the fluctuations of the field 
about (^){x^t)]. The wave-velocity perturbation is due to density fluctuations given by £(x] 
which satisfies:

<eW> = 0 (85)

Howe obtained two equations governing respectively (ij)(x,t)} and il)'(x,t} and considered two 
kinds of interactions: between the density fluctuation £(x) and the mean field, and between £(z) 
and the ^>'(x^t] which is not correlated with £(x). The latter type of fluctuation creates the 
multiple scattering, and neglecting it constitutes the "binary collision approximation". Adopting 
this approximation, and assuming that £(x) is a stationary random function of z, Howe solved 
the integral differential equation for (i()(x,t)) and obtained the damping of the mean field for 
both long- and short-wavelength cases. The results show that the damping rate of the meanfield 
for long waves is twice that for short waves. They are obtained assuming 7V(r)=e~ r ~/ a ~, that 
is a Gaussian correlation function for the medium. Later Howe (1971b) extended the study 
without attributing any particular shape for N(r). The method is applied to very different 
problems, such as stretched strings and surface gravity waves over shallow water with a rough
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bed. Because of the use of the binary approximation, this procedure is sometimes called the 
"first order smoothing method".

Sato (1979, 1981) applied Howe's version of the mean-wave formalism to seismology. He 
considered seismic waves within a one-dimensional inhomogeneous medium characterized by 
two independent fluctuations £1 and £2   For example, in the longitudinal wave case, these 
fluctuations are given respectively by

and
& = - ^

PQ
where £A, £//, Sp are the fluctuations of the Lame parameters and density. For any point in the 
medium the parameters are given by

p(x) = (p) + Sp(x)

A(z) = (A) + 6\(x) (88)

In this case, the cross correlation functions for any couple of points x, y, are

*J = i,2 (89)

The application of this method for the case N(r}=e~ r / a gives greater values of Q~ l for 
increasing frequencies for both /CQ <C 1 and /CQ ^> 1 cases. As will be discussed below, this 
theoretical result disagrees with the observations, and was later revised by considering traveltime 
corrected mean-wave formalism (Sato, 1982a, b).

Sato's method was also applied to well-logging data from the Simosha deep borehole obser 
vatory, and values of Q~ l ranging about 1 x 10~ 3 to 4 x 10~ 3 were obtained for frequencies 
between 15 and 130 Hz. At this point it should be stressed that this method, which has the 
outstanding feature of being able to deal with vector waves, must be applied to seismology 
bearing in mind the differences between the attenuation of the mean field and the attenuation 
of the actual observed field (Hudson, 1982). When measurements of seismic-wave amplitude are 
made, not a mean wave but a peak to peak scaling is measured. In the mean field the values 
are taken from the ensemble average, whereas in the seismological case attenuation measure 
ments are originated from the real physical phenomena. To obtain a mean value from observed 
waves, it is necessary to take a spatial average. If this average is not possible, the problem 
can be considered only under the approach of a "pseudo-random medium" (Frisch, 1968). In 
addition, if /CQ ^> 1 , the spatial average has to be preceded by a phase correction in order to 
eliminate the phase change caused by the propagation from the reference point to the point 
in which the measurement is made. Failure to do so leads to mixing waves with very different 
situations. Hence, it must be pointed out that the attenuation coefficient of the mean field 
does not evaluate the amplitude attenuation but the loss of coherence among waves considered 
as a set when they travel through a random medium. Therefore, as Wu (I982b) suggested, it
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would be more correct to speak about a "randomization coefficient" instead of an "attenuation 
coefficient" when referring to a mean field. A comparison between the results obtained from the 
randomization coefficient for the Montana LASA calculated from measured phase fluctuations, 
and those obtained from the mean- wave formalism is also included in Wu's (I982b) study.

Shortcomings of the Preceding Models

When comparing the method based on Chernov's theory with that founded on mean-wave 
formalism it must be recalled that the former considers only single scattering under the Born 
approximation and is thus limited to small distances, whereas the latter includes multiple scat 
tering and supposes an infinite random medium. It has already been seen that the attenuation 
of the mean wave must be taken more as a measure of randomization than as an estimate of 
amplitude attenuation. However, if the distance considered is so small that the mean field of 
this method differs slightly from the primary field deduced from single-scattering theory, the 
scattered field estimated by the Born approximation will be equal to the fluctuation of the mean 
field under the binary approximation. Always keeping in mind the meaning of Q~ l calculated by 
the mean field method, notice that both models predict that Q~ 1 increases with frequency even 
in the high-frequency limit when wavelengths are shorter than the correlation distance. This 
prediction disagrees with the observational fact that impulsive waves propagate without large 
attenuation in the high-frequency limit. It also contradicts the observational results alluded to 
in the last part of Section 2.

The above mentioned difficulties have been recently studied in two different ways by Wu 
(1982a) and Sato (1982a, b).

Forward Multiple-Scattering Approximation

In order to overcome the difficulties caused by Born's approximation and to account for 
attenuation, Wu (I982a) introduced a procedure to include the forward multiple scattered 
energy. In this way, the balance of energy receives a more realistic treatment. This improvement 
is particularly important for the case /ca 3> 1 because then the forward scattering becomes 
predominant.

With this aim, Wu took a scalar plane wave propagating normally into a slab of thickness 
x 0 made of a random medium with correlation distance a and divided the slab into slices with 
this same thickness (see fig. 10). This medium is considered to be linear, elastic, isotropic, 
and weakly random. Attention is directed to the case /ca ^> 1, in which the wave conversion 
between P and 5 and the coupling between different polarizations can be neglected (Knopoff 
and Hudson, 1967). These simplifications constitute the "scalar wave approximation".

Assuming that the back-scattered energy can be considered lost and that the forward scat 
tered energy is preserved by multiple scattering, Wu succeeded in obtaining expressions for 
amplitude and Q~ l . The Q~ l result is analyzed for three different forms of correlation func 
tions: exponential, Gaussian and Von Karman. The Von Karman function of order v is given 
by

where r(z/) represents a gamma function and Kv (^) is a modified Bessel function of order v 
(Tatarskii, 1961).
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Figure 10.   Schematic of the back halfspace integration approximation: a scalar plane 
wave, V* 0   Ae*""* , incident normally on a slab of thickness x0 composed of a random 
medium with correlation length a. Only the energy backscattered upon the incidence 
over the slices is considered totally lost. The forward scattered energy is taken into 
account. [Reproduced with permission from the American Geophysical Union.]

For /cc*<C 1, low-frequency range, Q" 1 is proportional to the fourth power of frequency, inde 
pendent of the form of correlation function. On the other hand, for large scale-inhomogeneity, 
/ca^> 1, the frequency dependence of Q~ l varies with the correlation function. For the Von Kar 
man correlation function of order v   1/3, Q~ l shows a good agreement with results obtained 
from shear waves by Aki (I980a) for the Kanto region (see fig. 11).

The verification of the expressions used by Wu with observational acoustic-log data from 
Fenton Hill, New Mexico, also shows better agreement with the exponential and Von Karman 
correlation functions. However, the unreasonably high value of the velocity fluctuation, (//>2 ), 
obtained with this method suggests the necessity of introducing some other corrections. The 
improvement with respect to the preceding methods shows the importance of considering mul 
tiple scattering, while the overestimation of {//> 2 } indicates that it is necessary to include higher 
order forward scattering to evaluate the attenuation more accurately.
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io-4
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Frequency (Hz)

Figure 11.  Comparison of the adjustments for the Q~ l vs frequency data (x for 
area A, o for areas B and C) measured in Kanto, Japan (Aki, 1980a) and for the 
randomization coefficient, shown as triangles, obtained from the "mean field" in a 
random medium. Three different adjustments for Q" 1 are shown. The two solid 
lines correspond to an exponential function N(r) = e~ r/", and the broken line is a 

Von Karman correlation function of order 1/3, N(r) = ^y.^ (r/a)/f^fr/a). All 
calculations have been done using the Forward Multiple Scattering Approximation. 
For the randomization coefficients the adjustment has been given by the "mean field" 
formalism. The departure of this last adjustment from the measured attenuation of 
amplitude can be clearly noticed.

In every case chosen values of the correlation length, a, and the r.m.s. of the 
velocity fluctuation have been used. The region corresponding to results obtained 
from surface wave analysis (77777) is shown on the left. [Reproduced with permission 
from the American Geophysical Union.]

Traveltime Corrected Mean Wave Formalism

Sato (I982a, b) modified the mean-wave formalism with the introduction of a new statistical 
averaging method, especially designed to measure the amplitude attenuation of impulsive waves. 
The goal is to estimate Q~ l from the averaged wavelet after correcting the travel time fluctuation 
due to large-scale heterogeneities. The process is illustrated in figure 12 where it can be easily 
appreciated that this correction smooths amplitude attenuation.

It is shown (Sato, 1982b) that this correction gives the result on Q~ l equivalent to excluding 
the scattering energy loss inside of a cone around the forward direction. This task is theoretically 
accomplished in two steps. The first one corrects the traveltime fluctuation caused by the
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Figure 12.  Schematic illustration of the averaging process for impulsive waves in the 
high frequency limit (/ca :» 1): (A) mean wave formalism, (B) traveltime corrected 
mean wave formalism. For (A), the mean wave is defined as an ensemble average 
of wave <j>i. If /ca :» 1, the traveltime fluctuations become comparable or larger 
than the A under consideration. Although the amplitude attenuation would be small, 
the maximum amplitude of the mean wave will strongly diminish. For (B), before 
averaging, the waves are shifted in time so their peaks are arranged in line. The 
attenuation of the ensemble average is more realistic than for (A). [Reproduced with 
permission from the American Geophysical Union.]

component of the fractional velocity fluctuation longer than twice the wavelength of the wavelet. 
The second one calculates the mean field from these corrected wavelets. To do the first step, 
Sato introduced a new wave ij)(x,t} in which the traveltime fluctuation is corrected:

8t L (x ) is the traveltime fluctuation caused by the longer wavelength component of the fractional 
velocity fluctuation £L . It is given by

X

6tL (x} = - I £ L (x}ds (92) 
v J ' v '

ray

Only the propagation along the x axis is considered. i})(x,t) is related to a monochromatic wave 
^o(x) of angular frequency V/CQ by the expression:

"0(x, t] = /0o(^) e ~tv/c" (93)

The wave equation for IJ)Q is solved by using the binary interaction approximation on the mean 
wave formalism and ^o is decomposed as

 0Q =z (^o) + "00 (94) 

where (^o) is the mean wave and ^0 the fluctuation wave which satisfies

Wo) = ° (95) 
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The wave equation corresponding to {^0} is solved for the case

and Q~ l for the mean value {^0} is defined as

Im

(96)

(97)

TABLE 5. Parameters chosen by Sato 
(1982b) to construct the 
theoretical Q- 1 -frequency curves 
for the von Karman autocorrelation 
function

with Im(/c2  /c2 ) being the imaginary part of 
the dispersion relation for {^o}- This term 
is calculated by Sato (I982a) and gives an 
expression of Q" 1 as a function of the wave- 
number vector, the scattering angle 0 mea 
sured from the x axis and the critical angle 
O c ~ 29°. Comparison of this result with 
that obtained from usual statistical theories, 
shows that this method better accounts for 
the strong dependence of scattering on the 
angle measured from the propagation direc 
tion. In addition, when the correlation func 
tion of the medium is expressed by a Von 
Karman function such as that defined in ex 
pression (90), it is shown that Q~ l varies ac 
cording to the Rayleigh law when /CQC* <C 1, 
and decreases with frequency according to 
the power law in the high-frequency limit 
/CQO; ^> 1. These results remedy the diffi 
culties of the Born single scattering model 
and classical mean wave formalism, which 
predicted an increase in Q" 1 for large fre 

quencies. Figure 13 plots the theoretical Q~ l curves for the Von Karman function and the 
parameters listed in table 5. As can be seen, these curves, especially that marked C, fit fairly 
well the frequency dependence conjectured by Aki (1980a), on the basis of observed Q~~ l from 
various sources, plotted in figure 7. In any case, it should be kept in mind the distinction made 
earlier between the mean-wave attenuation and the real amplitude attenuation.

For a general Von Karman autocorrelation function of order z^, the backscattering coefficient 
g% is given by Sato (l982b) by the expression:

(98)

where (A* 2 ) represents the mean-square fractional velocity fluctuation. Figure 14 represents the 
theoretical curves given by equation (98) for the five sets of parameters (z/,(/4 2 ),a;) estimated

Set

A

B

C

D

E

Order
V

1/2

1/2

1/3

1/4

1/10

Mean square 
fractional
velocity 
fluctuation 
«U2 > x 10-3 )

10

9.5

5.0

2.3

3.5

Correla 
tion

distance 
cx(km)

1.6

3.6

4.0

3.5

6.4
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10-2

Qrl

10-

10-

Aki's Conjecture (1980a)

V=4 km/sec

10-2 10- 10

Frequency (Hz)

10'

Figure 13.  Sato's (1982a) approach to "Aki's conjecture" which uses the traveltime 
corrected mean wave formalism. Letters A-E refer to the sets of parameters of the 
Von Karman auto-correlation function listed in Table 5. [Reproduced with permission 
from the American Geophysical Union.]

by this method with results obtained from the coda wave analysis by Sato (1978) and Aki 
(I980b) in the Kanto area. As was seen in Section 2, Aki estimated g^ in the range from 
10~ 2 to 4 x 10~ 2 km" 1 around 1.5 and 3 Hz, while Sato obtained values of 4 x 10~ 3 to 4 x 10~ 2 
for frequencies ranging from 1 to 30 Hz.

Figure 14 shows that the value of gn estimated from coda amplitudes is greater than that 
calculated from Sato's model. As this model explains the observed Q" 1 for S waves, this result 
implies that the observed coda amplitude requires even stronger heterogeneities than those 
inferred from the attenuation of S waves when all the attenuation is attributed to scattering.

A discrepancy is apparent in figure 15, which shows the results concerning the inhomogeneity 
of the Earth reported earlier in this section, and those given by this method (see table 6). 
The broad fluctuation of correlation distance values must be judged bearing in mind that the 
range of scale length which can be studied depends on the wavelength of seismic waves used, 
as well as on the size of the region considered (Aki, 1982). Results obtained by the three- 
dimensional inversion method should be interpreted as a lower bound because this kind of
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Coda Waves-Kanto, Japan

Aki 
(1980b)
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Frequency (Hz)

Figure 14.  Curves A-E of the backscattering coefficient, gn , vs Irequency, calculated 
theoretically by Sato (1982b), which are compared against the results obtained from 
coda wave analyses in the Kanto district, Japan (Aki, 1980b; Sato, 1978). The 
observed discrepancy suggested the necessity for improving the models used in order 
to explain the coda wave excitation. Curves A-E are given by expression (98) in the 
text and the parameters listed in Table 5. [Reproduced with permission from the 
American Geophysical Union.)

analysis measures only the longer wavelength component of the velocity fluctuation (longer than 
the station spacing). The heterogeneity upper bound can be given by estimating the loss by 
scattering for primary waves propagating in random media, and comparing this result with the 
observed attenuation. The measurements based on mean wave formalism, such as those made 
by Beaudet (1970), probably underestimate (M 2 ), while Wu's (I982a) estimate can introduce 
an overestimation. These differences are due to the kind of waves assumed for calculating the 
loss of energy of primary waves: the mean wave formalism includes even the waves narrowly 
focused in the forward direction, which actually modify the phase but not the amplitude, while 
Wu considered that only backscattered waves are lost by scattering. These arguments suggest 
that the more accurate estimate of mean-square fractional velocity fluctuations {V 2 } lies in the 
region corresponding to values of 10~ 2 to 10~ 3 .

The use of statistical models which consider the Earth's crust as a random medium confirms
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Figure 15.  Plot of mean-square fractional velocity fluctuation (/>t2 ), versus correlation 
distance a. (For symbol identification refer to Table 6.) [Reproduced with permission 
from the American Geophysical Union.]

the results given by deterministic methods, which prove the existence of strong small-scale 
heterogeneities. At the same time, the disagreement among the results shows the necessity of 
improving the models used to obtain them. The next section will be devoted to this subject.

SECTION 4: ONGOING RESEARCH

Figures 13, 14, and 15 of the previous section sum up the main results obtained from the 
study of the three more striking effects of heterogeneity on seismic waves: formation of codas, 
attenuation of S and coda waves, and finally, amplitude and phase fluctuations of teleseismic P 
waves through a large seismic array. The observations play an important role in the development 
of the theory and reveal the necessity of better models to account for these phenomena. An 
improved understanding of the scattering process is a particularly pressing need. The theory 
should include the following more realistic features:

1. Nonuniform distribution of scatterers.
2. Nonspherical sources of radiation.
3. Anisotropic scattering of vector waves due to three independent fluctuations (A, /x, and

P).
4. Conversion between P and S waves.
5. Multiple scattering.
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TABLE 6. Mean-square fractional-velocity fluctuations and 
correlation distances plotted on figure 15

Symbol Method Data Reference

7 

A-E

Forward multiple-scattering 
approximation.

Mean-wave formalism-

S waves in Kanto 
district Japan.

Explosion data in 
Nevada.

Teleseismic P-wave analysis 
by the Chernov's theory.

LASA in Montana-

Do-

Teleseismic P-wave analysis 
by the three-dimensional 
method.

Correlation function for 
experimental well-log data.

 do-

 do-

Do-

Traveltime corrected mean 
wave formalism.

Kanto district, Japan 
I: Iwatsuki 
S: Shimosha 
F: Fuchu

Fenton Hill, N. Mex.  

Single station and 
surface waves data 
used to establish 
Aki's conjecture 
and plotted on 
figure 7.

Wu (1982a). 

Beaudet (1970). 

Aki (1973).

Capon (1974).

Aki and others 
(1976).

Suzuki and others 
(1981).

Wu (I982a). 

Sato (1982b).

The resulting model must be able to explain the frequency dependence of Q~ l and the 
formation of coda waves, as well as to resolve the disagreements already reviewed between 
observational results and predictions given by simplified models. This model is far from being 
achieved, but considerable work is being done to solve partial problems in such a way that a 
complete solution is coming closer. In this section, recent studies by Sato (I982c, 1984) and Wu 
and Aki (I985a, b) will be examined.

Sato (I982c) extended his single isotropic scattering model (SIS) to the case of nonisotropic- 
scattering and nonspherical-source radiation. As before, he assumed a random three-dimension 
al distribution of scatterers and analyzed the energy density of coda waves. Taking the energy 
density distribution of the SIS model as a reference, Sato showed that the anisotropy of scat 
tering is more effective than the asymmetry of source radiation to modify coda-wave excitation, 
and that the influence of both anisotropy of scattering and asymmetry of source radiation is 
more noticeable on the early part of the coda. In addition, the nonspherical radiation of dislo-
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cation affects the P coda more strongly than the S coda. In a more recent paper, Sato (1984) 
extended this study, pursuing two main goals: to explain the frequency dependence of Q~ l , 
and to construct the envelopes of 3-component velocity seismograms produced by nonspherical 
radiation and nonisotropic scattering. This paper also extends the traveltime correction used 
previously in the mean-wave formalism (Sato, 1982a) to vector waves singly-scattering under 
the Born approximation. Sato began by reviewing the scattering process due to weak inhomo- 
geneities contained inside a small volume of finite extent. The density and Lame parameters 
are expressed by

p(x) = po + 6p(x)

X(x} = A 0 + 6A(x) (99)

The subscript 'V in this case stands for the values of the unperturbed medium and x is the 
position vector inside the heterogeneous volume. However, Sato represented the in homogeneities 
in terms of (6p, 8a, 8/3} instead of (6p, £A, S/j,}- a and /? being P and S velocity, respectively. 
It is assumed that traveltime fluctuations are produced by smoothly varying velocity structure, 
and scattering amplitudes are due to rapidly varying elastic structure. Spherical coordinates, 
(r,-0,£), are taken in such a way that -0 expresses the angle between the propagation direction of 
the scattered wave and the x$ axis along which the incident wave travels; r represents the travel 
distance of the scattered wave; and £ measures the angle between the propagation direction 
of the scattered wave and the x\ axis. According to this system, a scattered P wave, at far 
field, has the r component only, and a scattered S wave has the -0 and £ components only. 
Sato succeeded in expressing the scattered displacement u (x, i] into two parts corresponding to 
the P and S incident waves, respectively. For P waves, u (x, t] depends on the unit amplitude 
incident P wave and on the scattering amplitude functions F^F ', F£S , and Ff representing 
the P  >P and P >S conversions. In the case of an incident S wave polarized to the x\ axis, 
the result depends on the unit amplitude incident S wave and on the functions -Fr5p , F^ s and 
Fj* s , which represent the scattered waves due to S  *P and S  +S conversions. By substituting 
u (x, t] back into the wave equation and using the far-field function, Sato obtained each of the 
preceding scattering amplitudes F^B . They are given as a function of the fractional fluctuations 
of the medium parameters in the volume L3 , which can be expressed as

^ ** *l (100)
PO OLQ {Jo

where the hat ( " ) means the Fourier transform in wavenumber space.
.F^ 5 , which represents the P to S conversion in the £ direction, is equal to zero according to 

the chosen geometry. Figure 16 plots the radiation patterns of Rayleigh scattering corresponding 
to the other five components. The following aspects can be outlined again:

1. P  >P scattering amplitude due to velocity fluctuations is simply isotropic. Fluctuations 
in P-wave velocity contribute only to P  >P scattering.

2. The contribution of density fluctuations is zero in the forward direction (tjj = 0) and 
maximum in the backward direction. Results 1 and 2 were predicted in Chernov's theory.

3. As proposed to explain local earthquake coda, S^S scattering is generally stronger than 
P  >P scattering and shows a more complicated pattern.
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4. There is no contribution of P  >S and S  >P conversion scattering to the forward and the 
backward directions. This result has also been used in the previous studies.

5. As Sato (1982c) had already indicated, conversion scattering does not excite coda waves 
at large lapse-time. Results 1-5 allow interpretation of the ij) dependence of figure 16 as 
that of Rayleigh scattering.

Sato (1984) also applied the correction of traveltime fluctuations to expressions of F^B in 
order that they can be used to calculate Q~ l for P and S waves. S  >S scattering is dominant 
in Q^ , but P >S conversion scattering cannot be neglected in Q~ l estimation. As has been 
pointed out, this correction extends the method previously applied to scalar waves (Sato, 1982a,

___ A

b) to vector waves. The dependences of the 6 a and 6J3 coefficients on ^, after being traveltime 
corrected, are shown by bolder lines in figure 16. For ifr > -0 C the ordinary and the traveltime 
corrected Born approximations agree. For ifr < ^> c , the second one is much smaller. if) c is the 
critical angle introduced upon explaining the traveltime correction for mean wave formalism. 
In this new correction, the scattering due to velocity fluctuations has been excluded within the 
narrow angle ip c in the forward direction, as in the case of scalar waves (Sato, 1982a).

By using an empirical linear correlation between P and S waves and Birch's (1961) law, 
Sato reduces the number of fluctuations from three, (p,a,/2), to one, £(z), which is used to 
characterize the medium. The procedure is similar to that accepted previously (Batchelor, 
1953; Sato, 1982a) and the autocorrelation function chosen to describe the fluctuation is the 
exponential one. This method gives a Q& 1 /Q^ 1 ratio of about 0.6 for Rayleigh scattering and 
about 2.41 for the high frequency limit. This last result, which affirms that attenuation is greater 
for P waves than for S waves, is somewhat surprising. In addition, 2.41 seems to be too high a 
value because experimental measurements show values for Q~* /Q~^ ranging between 0.62 and 
1.85 (Bakun and others, 1976; Frankel, 1982; Modiano and Hatzfeld, 1982; Hoan-Trong, 1983). 
The backward scattering coefficient of S waves, g% s ', is given by the expression

=, 1.62 (101)

where (// 2 ) represents the mean square of £ and a is the correlation distance. Figure 17 repre 
sents Q~ l versus frequency from observational results obtained in different parts of the world. 
A theoretical curve using the values of (// 2 )   0.01 and a   2km is shown and also the Q" 1 
values for Lg waves and for surface waves are plotted for comparison purposes.

The same procedure has been followed with g% s values displayed in figure 18. Both drawings 
show an improvement over previous adjustments.

The last part of Sato's study is concerned with obtaining the envelopes of short period ve 
locity amplitudes as shown in figure 19. These envelopes are obtained by superposing waves 
scattered once and by assuming a primary wave source of a point shear dislocation. Results of 
previous studies (Sato, 1977b, 1982c) are also used. The envelopes correspond to an earthquake 
of magnitude 3, located 30 km from recorders in the five directions displayed on the same figure. 
The strong dependence of both P and S codas on the focal mechanism can be clearly observed. 
P-coda excitation, even in the nodal direction of P wave radiation, can be observed. Something 
similar occurs for the radial component of S codas. The results of figure 19 suggest that mag 
nitudes of local earthquakes calculated from the maximum amplitudes of vertical components
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Figure 17.  Observed relation of Q~ l of S and coda waves vs frequency and the curve 
theoretically predicted by Sato (1984), dotted line, by assuming {p2 }   0.01 and 
a. = 2km. This plot can be compared to figures 6, 7, 11 and 13 in order to obtain an 
overview of the successive attempts which have been made to explain observational 
results. Kanto (A), (I), and (T) correspond to Aki (1980a), Sato and Matsumura 
(1980b), and Aki and Chouet (1975) respectively. The other references are found in 
Table 3A and B and in Sato (1984). [Reproduced with permission from the American 
Geophysical Union.]

can reflect not only the source effect but also the importance of heterogeneities on the path 
travelled by the waves.

Sato's model can be modified, for instance, by substituting the traveltime correction for 
other smoother methods, or by choosing a Von Karman function instead of the exponential 
one. The method of characterizing the inhomogeneities by only one random fluctuation £(x) 
seems too restrictive and perhaps could be improved. In addition, velocity envelopes obtained 
by this method must be compared with observational data. This test, which can be decisive, is 
presently (1986) being undertaken by Sato.

The study of the scattered field by an elastic inclusion has been performed recently by Wu 
and Aki (I985a) for the case of weak scattering also. These authors analyzed Rayleigh and high-
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Figure 18.  Application to the estimation of the backscattering coefficient gn of Sato's 
theoretical result shown in figure 17. The parameters are: {/z2 } = 0.01, a = 2km, 
and 00   4 km/sec. Comparison to figure 14 shows the improvement obtained. gn is 
identified as g** in order to stress the dominance of S  >S scattering. [Reproduced 
with permission from the American Geophysical Union.]

frequency scattering of P and S waves by using the Born approximation and the equivalent- 
source methods. They supposed a general elastic heterogeneity with slightly different density 
and elastic constants from those values of the surrounding medium. The subscript "0" means the 
values of the homogeneous medium and the triangular brackets stand for the average excesses. 
Wu and Aki (I985a) represented the scattered field by a radiation field of the equivalent source 
due to the presence of the inclusion. In this way, the scattering problem is turned into a radiation 
problem. For the Rayleigh case, the total equivalent source can be regarded as a point source 
whose size depends on the total parameter excesses 6p, 6A, <$//, of the inclusion. For P-wave 
incidence along x\ = x, (6p) gives a single force in the incident direction while (6X) and (Sp,)
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Figure 19.  Theoretical envelopes of three-component velocity amplitudes of an earthquake with an ML = 3 
recorded at a distance of 30 km in the displayed directions I to V. 1 and 2 correspond to the horizontal 
components, and 3 to the vertical component. The vertical and the horizontal scales are linear. These 
examples show that envelopes of seismograms strongly depend on the focal mechanism and suggest that if 
the magnitude of local earthquakes is measured from the maximum amplitude of the vertical component, 
it reflects not only the intensity of source radiation but also the strength of inhomogeneities in the Earth. 
[Reproduced with permission from the American Geophysical Union.]
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produce a moment tensor force as:

M=-  \ 0 (8\) 0 \e-tut (102)

the P-wave velocity.where V is the volume of the inclusion and
Expression 102 shows that V (8X} gives an isotropic explosion-type source, while V(8p,} pro 

duces an in-line force couple (fig. 20). For an incident S wave with velocity @Q, 8p produces a 
single force in the direction of particle motion and (8^} introduces a double-couple force in the 
polarization plane. The moment tensor is now:

M = -   - (6p) 0 0e -^ (103)
o o

These equivalent forces and their radiation patterns are displayed in figure 21. The scattering 
patterns vary with the combinations of (8p), (6/x), and (8X). When ^-^ = -^-^ = LJ±/. ? there 
is no velocity contrast between the inclusion and the medium, and only a main lobe on the 
backward direction is observed. Wu and Aki called this case an "impedance-type" scattering. 
If V-^ = ^-^- =   ̂-^-, there is no impedance contrast and there will be only a main lobe in

An MO Pn ' ^ J
the forward direction. This case will be called a "velocity type" scattering.

These results are valid both for P and S incident waves and confirm the conclusions obtained 
by Sato (1984). In a similar way, they agree in showing that for both P wave and S wave 
incidences the converted waves have only side lobes, while the common-mode scattered waves 
always have the main lobe along the incident direction. The predominance of scattered S waves 
over P waves for (6A)~{6/x), is also confirmed. (See figs. 22 and 23.)

Wu and Aki obtained these results without assuming any restrictions about the shape and 
parameter distribution of the inclusion. For a sphere of radius "a" and for low frequencies, the 
frequency dependence of the amplitude of scattered waves have the known form u; 2 a3 similar 
to acoustic scattering.

It can be easily proved that, in general, the scattered field can be decomposed into an 
"impedance- type" and a "velocity- type" .

Beyond Rayleigh scattering, the problem becomes much more complicated because in this case 
the phase differences of the incident field and of the scattered field along the inclusion cannot 
be neglected. The Born approximation holds if the total scattered field is still much weaker 
than the incident one. Assuming this case, Wu and Aki proved that the scattered far field 
is the product of the elastic-wave Rayleigh scattering and a "volume factor" which expresses 
the scalar wave scattering pattern for the finite body. This result is obtained by assuming 
the perturbation parameters 8p, 6/x, and 8X to have the same spatial distribution within the 
inclusion.

The "volume factor" is a function of G(£), the normalized parameter variation which has 
been defined in such a way that:

= (8p) G(0

(104)
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Equivalent 
body-forces

Scattered 
P-waves

Scattered 
S-waves

(8p}   V

(6\} - V

Figure 20.  Rayleigh scattering pattern for different equivalent forces; P-wave case. Wu 
and Aki (I985a) represented the scattered field by a radiation field of the equivalent 
source due to the presence of an inclusion. The results for P-wave incidence along 
the z-axis are plotted in this figure where (6p), (<5A), and (6fj,} are the average values 
of density and excesses of the Lame parameters respectively, due to the inclusion of 
volume V. Density excess, (6p) V, gives a single force in the incident direction (top). 
Excesses of the Lame parameters give an isotropic explosion-type source (middle) 
and an in-line couple force (bottom). [Prom Geophysics, vol. 50; reproduced with 
permission from the Society of Exploration Geophysicists.]

69



Equivalent 
body-forces

Scattered 
P-waves

Scattered 
S-waves

Figure 21.  Rayleigh scattering pattern for different equivalent forces; S-wave case. 
Density excess, (6p) V , causes a single force in the direction of particle motion. Lame 
parameter excess. (<5/z)   V, introduces a double couple force in the polarization plane. 
Its scattering pattern has been decomposed into two parts, each of which corresponds 
to a single couple. [From Geophysics, vol. 50; reproduced with permission from the 
Society of Exploration Geophysicists.]
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± f G(t)dV(t) = l (105)
v Jv

and

V

If G(£) is known, the "volume factor" can be calculated either numerically or analytically. Wu 
and Aki solved this problem for a homogeneous spherical inclusion in which G(£) is assumed 
to be spherically symmetrical. They found that for P >P or S >S scattering the "volume 
factor" always has the main lobe in the incidence direction. On the other hand, for converted 
waves, the scattering pattern becomes more complex and there is a multi-directional radiation 
of converted energy. In any case, for very high frequencies, forward scattering and scattering 
without wave conversion become dominant. As an example, figure 24 sums up the main results 
for the P >P scattering case.

These results generalize the solution to this problem given previously by other authors (Miles, 
1960; Yamakawa, 1962).

In a more recent paper, Wu and Aki (1985b) considered the problem of the full elastic wave 
theory of scattering in random media. Wu and Aki followed Haddon's (1978) approach and 
applied body-force equivalents and the Born approximation. They assumed a random medium 
embedded in a homogeneous elastic medium with density p0 and elastic constants AO and JJLQ. 
The random-medium parameters were given as in expression (99), but in this case the vector 
position within the volume is represented by £ and the average values (p(£)}, (A(£)}, and 

satisfy the following relations:

Po = (p(t))

Ao = <A(£)} (106)

The inclusion of a random medium is assumed to be weakly inhomogeneous, that is,

6p < po, 6X < A0 , tip < //0 (107)

and statistically homogeneous and isotropic. In addition, £p(£), £A(£), and £/^(£) have auto 
correlation functions of exponential form. Considering one sample from an ensemble of random 
media, Wu and Aki applied the previous method to obtain the scattered field corresponding 
to P and S incident waves within this particular inhomogeneous medium. The result is also 
a random wave field which must be considered as a part of the general scattered field. After 
laborious mathematics, they obtained the mean square amplitudes of the scattered field and the 
directional scattering coefficients g(0) for P  >P, P  >5, 5  >P, and 5  »S scattering. Paralleling 
their previous study, they found that the perturbations can be decomposed into an impedance 
term and a velocity term with radiation patterns similar to those described before. They proved 
that when K,a ^> 1 the scalar wave theory of velocity perturbations is valid for forward scattering 
of elastic waves. This result explains the applicability of Chernov's theory to the analyses of 
phase and amplitude fluctuations across large seismic arrays. On the other hand the study of 
backscattering requires the use of the theory of elastic-wave scattering. Therefore, the coda 
wave analyses must be improved by using vector wave theory.
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For the elastic-wave problem, the directional scattering coefficient g(9] for low frequencies has 
the typical characteristics of Rayleigh scattering but its spatial pattern is much more compli 
cated than for the scalar case. For high frequencies, the frequency dependence is more complex, 
except for the forward and backward scattering cases. For a random continuum, the scattering 
coefficient, 0, is defined as the total power scattered by a unit volume of the random medium 
for a unit incident field. Its expression is

g-   // g(6)dn (108)
47T

where dSl is the differential solid angle over which g(0] is defined. g(0] is related to the total 
scattered power for a unit incident field by

W =   // Vg(6)dtt (109)

47T

Wu and Aki obtained the expression for g for P-wave incidence considering P >P and P >5 
scattering. At high frequencies, the result coincides with that obtained for scalar waves in 
a medium with only velocity perturbations. In the low and intermediate frequency range, 
the elastic-wave coefficient and the scalar-wave one can be quite different from each other. 
This study also pointed out the importance of P  > S conversion and the shortcomings of 
single-scattering theory to deal, even qualitatively, with the energy loss due to high-frequency 
scattering.

Finally, the application of this theory to previous observations of small-scale inhomogeneities 
(Aki, 1973, 1977, 1981a, c; Capon 1974; Berteussen and others, 1975), sheds light on some of 
the disagreements which have been mentioned previously.

First of all, the result just cited, which outlines the necessity of using vector wave theory to ac 
count for coda generation, must be recalled. This requirement explains the disagreement shown 
by Sato (1982b) between the backscattering coefficients needed to explain the coda strength 
and the results obtained from the calculation of scattering attenuation. In addition, the radical 
difference between forward and backward scattering can be treated by this theory. The for 
ward scattering is mainly sensitive to large scale velocity inhomogeneities. The backscattering 
is produced by impedance inhomogeneities with scale-length comparable to wavelength (see fig. 
25). This difference suggested the existence of at least two kinds of inhomogeneities within 
the lithosphere. This hypothesis is strengthened by considering that the theoretical predictions 
developed in this study cannot match the observed backscattering coefficient if the correlation 
length has the observed value a ~ 10km. From considerations about the backscattering coeffi 
cient, Wu and Aki suggested that phase and amplitude fluctuations at large seismic arrays are 
caused by velocity inhomogeneities with a ~ 10   20km, while local codas are generated by 
impedance inhomogeneities with a < 1 km.

The above discussed studies by Sato, and Wu and Aki, constitute important breakthroughs in 
this field of research. They strongly improve the understanding of scattering phenomenon and, 
at the same time, suggest new approaches for future research. However, their importance does 
not lessen that of some other current studies. For instance, multiple scattering, in addition to
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Backscattering Response /
f=l Hz 

Q=3.5 km/s

/ Forward 
Scattering

-1/11.8 max.

0.1

o:~0.48 km

(27ra/A)

Figure 25.  Responses of inhomogeneities with different correlation lengths to S-waves 
with a period of 1 Hz and PQ = 3.5 km/sec. Backscattering response has its maximum 
for Q = 0.48km. For a w 10km, which is the correlation length estimated from LASA 
data, the backscattering is only 1/11.8 of its maximum value and forward scattering 
is clearly predominant. [Reproduced with permission from the American Geophysical 
Union.]

having been incorporated in the new coda models (described in Section 2), is being considered 
in recent attenuation studies (Wu 1984a, 1985; Menke, 1982, 1983a; Menke and Chen, 1984) 
and in the analysis of effects introduced by finite obstacles (Varadan and others, 1978; Wu, 
1984b). The use of synthetic seismograms to construct coda waves (Herrmann, 1977; Frankel 
and Clayton, 1984) makes new information available about the effects of scattering in the 
real Earth and about coda formation. Some recent experimental (Frankel, 1982; Richards 
and Menke, 1983), and theoretical studies (Malin, 1980; Dainty, 1984; Menke, 1983b, 1984; 
Frankel and Clayton, 1986) are clarifying the way attenuation effectively acts and its behavior
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in extreme frequency limits. In the same way, the attention accorded to different concrete 
problems like attenuation and turbidity in volcanic areas (Castellano and others, 1986), or to 
the interpretation of the L g phase from the scattering point of view (Kopnichev, 1980; Der 
and others, 1984), is supplementing both our observational and theoretical information. Many 
aspects of the scattering phenomenon as the interaction of a wave with an arbitrary shaped body 
(Gelchinsky, 1982), or the scattering experienced by specific types of waves (Matsunami, 1981; 
Malin and Phinney, 1984; Bache and others, 1985; Taylor and Bonner, 1986), are receiving 
increasing interest. In this field, the work which uses the Born approximation in order to 
describe surface-wave scattering by three-dimensional heterogeneities (Snieder, 1986; Snieder 
and Nolet, in prep.) deserves special attention. Much work remains to be done, and some of 
the most interesting subjects to be dealt with are listed below as part of the conclusion reached 
in this review paper:

1. The use of random media to analyze scattered waves must be improved by including 
the features indicated at the beginning of this section, and by using more complete 
autocorrelation functions.

2. Reaching a way to separate the effects of different scale lengths is an extremely attractive 
goal with great practical interest.

3. A better comprehension of attenuation mechanisms is another pressing subject. It may 
facilitate the discrimination between scattering and absorption contributions.

4. Coda-site effect must be studied further to resolve the contradiction between some of its 
observations and the S to S backscattering theory of coda composition.

5. It is necessary to obtain more observational data in order to test the theories described 
in this review.

6. Finally, a common notation to name scattering and coda concepts should expressly be 
adopted.
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